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The paper provides mathematical modeling of turbulent natural air convection at a heated vertical plate based on a fairly recently
developed two-liquid turbulence model. The considered problem, despite its relative simplicity, contains all the main elements
characteristic of the currents near the wall due to buoyancy forces. A significant disadvantage of the RANS turbulence models used
to solve such problems is that for their numerical implementation it is necessary to set the laminar-to-turbulent transition point, which
must be determined experimentally. Thus, all RANSmodels are unable to describe a laminar-to-turbulent transition zone. Therefore,
the main purpose of the work is to test the ability of the two-liquid turbulence model to describe the transition zone. Well-known
publications have shown that the two-liquid model has high accuracy and stability, and is also able to adequately describe anisotropic
turbulence. The turbulence model used in this work is supplemented with an additional thermal force, which can be ignored in many
flows with forced convection. However, in the natural convection currents, it is this force that contributes to the transition of the flow
regime. To validate the model, as well as to verify the computational procedure, the numerical results obtained are compared with
the results of the well-known RANS turbulence models (the one-parameter Spalart-Allmaras (SA) model and the Reynolds stress
transfer (RSM) model), as well as with the available experimental data. It is shown that the two-liquid model adequately reproduces
the laminar-to-turbulent transition zone, and the numerical results obtained are in good agreement with experimental data.
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1. Introduction

Heat transfer in turbulent natural convective flows is of great interest both in theoretical and applied aspects. As
an example, it is sufficient to cite natural phenomena where turbulent convection plays a decisive role [1]. Convection
processes are also significant in industry. For example, natural convection heat transfer serves as a reliable and economical
method of cooling in the rapidly growing electronics industry, where hundreds of modules can be placed on a small
base. Since the density of these fuel elements is constantly increasing, the emitted heat must be efficiently dissipated
not only to protect them, but also to increase their lifetime. It is often necessary to cool the interior surfaces of vertical
open ducts by natural convection where heat transfer rates are low. Thus, knowledge of the behavior of natural convection
flow in enclosed spaces is not only useful but also necessary, especially in heat transfer fluid systems used in various
nuclear and solar power applications [2].

Because of its importance, the problem of natural convection has attracted increasing attention of researchers in
recent years [3]. The existing convective processes can be divided into free and forced convection. The authors of
most publications adhere to this gradation [4, 5]. Many scientists have studied the issues of free and forced convection;
in particular, the description of convective systems is given in detail in [6–8]. Natural convection can be either laminar or
turbulent. In natural conditions, as well as in large spaces, convection is turbulent. Therefore, modeling turbulence— one
of the problems in the study of convection processes. In recently, along with laboratory tests, numerical experiment—
study of phenomena using Computational Fluid Dynamics (CFD) methods has been used. Modern program complexes
allow the investigation of a large number of hydrodynamic, heat and mass-exchange processes [9–12]. The most common
complexes are ANSYS, COMSOL Multyphysics, FlowVision and others, which contain various turbulence models
and are designed to study the majority of flows occurring in nature and in man-made technologies that have a turbulent
character. Therefore, the application of software packages to solve a particular fluid dynamics problem poses a challenge
to scientists in selecting an appropriate turbulence model. There are basically three approaches to mathematical modeling
of turbulence. The first approach is based on Direct Numerical Simulation (DNS), which is based on the hypothesis that
the Navier-Stokes equations are sufficient to describe turbulent flows. A nonstationary system of Navier-Stokes equations
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in three-dimensional formulation is numerically solved. For integration, computational cells with dimensions smaller
than the Kolmogorov scale are required. The DNS approach requires a large amount of computational resources, and
its use for calculation of complex hydrodynamic problems is not possible at the present time. In the second approach, the
Reynolds Averaged Navier-Stokes (RANS) equations are averaged over the Reynolds number, which leads to a nonclosed
system of equations. Therefore, turbulence models are additionally introduced to close this system. All of them are called
RANS-models. The advantage ofRANSmodels is that their numerical realization requires significantly less computational
resources compared to DNSmethods [13]. For this reason, the RANS approach finds the widest application in solving
engineering problems. Despite the significant progress achieved in the field of modeling turbulent flows on the basis of
RANSmodels, there are still unsolved problems related to the calculation of dynamics and heat transfer in turbulent natural
convective flows. As shown in [14, 15], the use of the most common two-parameter semiempirical turbulence models
of the type k−ε for solving applied problems of convective heat transfer does not provide the accuracy of description of
naturally convective turbulent flows necessary for practice. In this connection, attempts to improve the existing turbulence
models and to construct new turbulence models for this class of flows have been made for many years. In many works,
the main emphasis is placed on the need to directly account for the influence of buoyancy effects in traditional turbulence
models (e.g., in k−ε-models) by including additional terms in the corresponding transfer equations of turbulent flow
characteristics [16, 17]. However, such amethod leads both to the introduction and determination of a number of additional
empirical constants and to an increase in the number of differential equations included in the model. This, in turn, further
complicates the already computationally laborious low-Reynolds versions of k−ε-models and other similar models.

Another direction in modeling natural convection is the use of more complex RANSmodels, in particular, Reynolds
stress transport models (RSMs). However, because of their complexity, their application is limitedmainly to the solution of
rather simplemodel problems. The extensive numerical studies and parametric calculations necessary for solving practical
problems of convective heat transfer are not always justified and efficient. In recent years, models that are substantially
superior to the traditionalmodels in termsof both computational efficiency and accuracy in solving the range of problemsof
forced convection have gained wide popularity. In particular, these include the one-parameter model based on the solution
of the turbulent viscosity transport equation,— the Spalart-Allmaras (SA) model [18], and the two-parameter Menter
(SSG) model [19], which is a combination of the standard k−ε-model and the well-known k−ω-Wilcox model [20]. The
capabilities of these models and their substantial superiority over the standard k−ε-models as applied to solving a number
of complex problems of forced convection have been demonstrated in many papers. Thus, in [21] these models are used
to solve some problems of natural convection and it is noted that they give more accurate solutions than complex models.
However, in the opinion of the authors of this paper, a significant disadvantage of almost all RANSmodels is that they are
unable to represent the transition from laminar to turbulent flowwhen solving natural convection problems. For example, in
the above-mentionedwork, for the calculationof turbulent convectionnear a heatedvertical plate, the zoneofflow transition
from the laminar regime to the turbulent regime in all the models considered was set on the basis of experimental studies.
The third approach tomathematicalmodeling of turbulence is the so-called 2-fluid approach proposed by Spalding [22, 23].
It has been used to study: the Rayleigh-Taylor instability [24]; the combustion process [25]; turbulent stratified flows [26];
confined and free turbulent shear flows [27], and others. The 2-fluid approachwas further developed inwork [28, 29], where
its ability to describe with much accuracy the turbulent processes of momentum and heat transport in anisotropic turbulent
flows is presented. The purpose of the present work is to demonstrate the feasibility of the 2-liquid approach to account for
natural turbulent air convection near a heated vertical plate. Despite its relative simplicity, the chosen problem contains all
the main elements characteristic of currents near a wall due to buoyancy forces. Along with reliable experimental data [30,
31] for the flow under consideration, the results of calculations using the SA andRSMmodels from [21] are also presented.

2. System of equations for turbulent natural convection near a heated vertical infinite plate in the 2-liquid approach

It was shown in [28] that turbulent flow can be represented as a heterogeneous mixture of two fluids not only with
different velocities but also with different temperatures:

V1i=Vi+ϑi, V2i=Vi−ϑi, T1=T+t, T2=T−t. (1)

In expressions (1) denote: Vi ,T — averaged velocity and temperature of the turbulent flow; ϑi , t— relative velocity
and temperature of the heterogeneous mixture. The derivation of the equations of turbulent thermodynamics is given
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in the aforementioned paper in detail. Based on these equations, we give a system of equations for convective flow of
air with velocity V0 near a vertical plate of lengthL heated to temperature Tw (Fig. 1):
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Here: x—coordinate pointing along the vertical plate; y—coordinate perpendicular to the plate;U,V —longitudinal
and transverse velocities;u,ϑ—longitudinal and transverse relative velocities;T —air temperature;T0—air temperature
away from the plate; ρ—density of air; ρ0 —density of medium away from the plate; ν—kinematic viscosity; k—air
diffusivity; νxy,νyy —molar viscosities; ky —molar diffusivity; g— free-fall acceleration; Cs —correction factor;
Kf andKt —friction and heat transfer coefficients; t—nefluctuating temperature. The pressure has a constant value
everywhere. In view of its smallness, we neglect the longitudinal derivatives in the diffusion terms of the right-hand
sides of equations (2). As can be seen, in the fourth equation, an additional thermal force is introduced into the right-hand
side of the equation

fT =−ρϑ2T
t

T 2
0

∂T

∂y
. (3)

In (3), the parameter ϑT has the dimension of velocity, and by numerical investigation it is found to be equal to
ϑT =2.05m/s. In many turbulent flows, the characteristic velocity V0 is such that ϑT /V0≪1. Therefore, in problems
with forced convection, the force fT may be substantially smaller than other forces, hence this force can be dis counted.
However, in natural convection, the flow velocity is small and in these cases the thermal force cannot be neglected. It
will be shown below that in natural convective flow near a heated vertical plate, the transition of laminar flow to turbulent
flow is due to this force because the flow velocity is small in the transition zone.

Fig. 1. Schematic to task
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We reduce the system of equations (2) to dimensional form. For this purpose, we take all velocities to a quantity with
velocity dimension

√
gL(Tw−T0)/T0, all distances— to lengthL=1m, all temperatures— to the ambient temperature

T0 = 289 K, and the air density — to the ambient density ρ0 = 1.23 kg/m3. The temperature of the heated plate is
T0=333K. For numerical realization of the system (2), it is convenient to introduceMises variables ξ and ψ [32, 33]:

ξ=x, ρU=
ψ∂ψ

∂y
, ρV =−ψ∂ψ

∂x
.

In new variables, the first equation in (2)— the continuity equation, is satisfied automatically. We numerically solve the
system (2) on the basis of an implicit finite-difference scheme. In the transverse direction, we will use central differences.
To solve the implicit scheme, we apply the run method. We take the steps of integration over the Mises variables to be
∆ξ=0.00002 and∆ψ=0.001, and let the number of computational points in the transverse direction be 1000. Note
that the computational experiments allowed us to conclude that there is no significant influence of the mesh parameters
on the result. To close the system of solving equations (2), we set the sticking conditions on the plate, and equate all
velocities away from it to zero. At entry, that is, at ξ=0, we set the dimensionless relative velocities as follows: ū=10−20,
ϑ̄=0. To calculate air viscosity more accurately, we use Sutherland’s law:

v
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3. Discussion of results

Figures 2–6 below summarize the numerical results calculated from the 2-liquid model. For comparison, these
figures also contain results from [21] corresponding to the SA and RSM turbulence models and experimental data
from [30, 31]. The drawing 2 shows the longitudinal velocity profile in section ξ =2.535. Here U+ =U/u∗, where
u∗=

√
ν(∂U/∂y)|w —dynamic velocity near the wall and y+=νy/u∗. It can be seen from the figure that the SAmodel

describes well the longitudinal velocity profile near the plate, and the RSMmodel — far from here. Results closer to
the experimental data are obtained by the 2-liquid model.

The drawing 3 shows the profile of the dimensionless excess temperature in section ξ=2.535. HereT+=(Tw−T )/t∗,
where t∗= [ν/(u∗Pr)](∂T/∂y)|w. And in this case, the results closest to experimental data are calculated using 2-liquid
model.

Fig. 2. Dimensional longitudinal velocity
profile

Fig. 3. Dimensional excess temperature
profile

Turbulent stresses and temperature flux provide important information on turbulent flows. Therefore, Figures 4 and
5 show the profiles of turbulent stress and temperature flux in the same cross section ξ=2.535. For these parameters,
the best agreement with experimental measurements is also observed for the 2-liquid model.
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Fig. 4. Turbulent stress profile

It has been said above that, when applying RANSmodels for the numerical study of the problem under consideration,
it is necessary to set the transition zone from the laminar regime to the turbulent regime on the basis of experimental
data. Therefore, the ability of the 2-liquid model to predict this transition zone directly, without involving experimental
data, is naturally of interest. Figure 5 shows the result of the 2-liquid model for a number of NusseltNux in dependence
on the Rayleigh numberRa, which are related to the model parameters by relations.

Nux=− x

Tw−T0
∂T

∂y

∣∣∣∣
w

, Ra=PrRe2wx
3,

where the Prandtl and Reynolds numbers are taken from [21]. The figure shows that, starting approximately from the
Ra=109, value, the turbulent regime begins and the Nusselt number begins to increase sharply compared to the value
characteristic of the laminar regime. The results of the 2-liquid model describe well all flow regimes, including the

Fig. 5. Turbulent temperature flow profile
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transition from the laminar to the turbulent regime.

Fig. 6. Dependence of Nusselt number on Relay number according to the 2-liquid turbulence model

It should be noted that the turbulent thermal force plays an important role in modeling natural convection. Nusselt
number calculations have shown that without taking this force into account, the transition from laminar to turbulent flow
regime is not possible, i.e., the flow remains laminar even at large distances from the plate. The transition to the turbulent
regime is not observed even with a strong increase in the initial perturbations, e.g., at ū=0.1, v̄=0. This circumstance
testifies to the necessity to take into account the turbulent thermal force in calculations of turbulent natural convection,
despite its smallness in comparison with other forces.

4. Conclusions

The numerical results obtained show that the 2-liquid model allows a more accurate description of natural convection
than well known RANSmodels. It is proved that the thermal force that initiates the transition from laminar to turbulent
regime without consideration of additional corrections must be taken into account when modeling natural convection.
The 2-liquid model is simple for numerical realization and has good stability, so it can be recommended for studies of
natural convection flows.
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