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The behavior of a diluted electrolyte in a system of joint microchannel and nanochannel with charged dielectric walls under
the action of external potential difference and external pressure is investigated numerically. The surface charge on the nanochannel
walls prevents the ions of corresponding polarity from passing through it. Consequently, the system in question acquires ion-selective
properties and can, under certain assumptions, be viewed as a fragment of an ion-selective membrane, including one synthesized
by creating nanopores in a dielectric material. Such systems are used in experiments to control the movement of charged particles
through concentration polarization. The objective of the work is to investigate the influence of a single pore on electrolyte flow and the
possibilities to control that flow by changing the geometric and physical properties of the pore. The investigation relies on the specially
developed simplified models based on cross-section-averaged Nernst–Planck, Poisson and Stokes equations that are subsequently
reduced to a single nonlinear differential equation. The simplified models allow identifying the impact of different physical mechanisms
of electrolyte movement: pressure-based (generated by the external mechanical action) and electroosmotic (generated by the electric
field). A finite-difference method with semi-implicit time integration is used for the numerical solution of equations. It has been found
that the behavior of the system qualitatively matches the behavior of a cell based on a non-ideally-selective ion-exchange membrane.
In particular, the model correctly predicts the underlimiting and limiting electric current regimes, as well as vortex formation near
the nanochannel inlet due to concurrency between electrolyte movement mechanisms. The proposed models can be extended to describe
a channel with arbitrary geometry and an electrolyte with arbitrary number of charged species.
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1. Introduction

Modern technological advances make it possible to create long nanochannels with characteristic cross sections of
10–100 nm and lengths on the order of several hundred microns. Such nanochannels (nanotubes) have a wide application
[1–3]. One of the most important properties of nanochannels used in practice is their selectivity towards charged particles.
The walls of the channels usually carry an electric charge. The electric field created by it prevents or hinders the passage
of ions of the corresponding sign through the channel. A similar mechanism is characteristic of ion-selective membranes,
which are essentially porous media with pore size on the order of tens of nanometers. The geometric and physicochemical
properties of the pores have a significant influence on the behavior of membranes, and the manufacturing technology
of the latter does not give full control over their properties, so before the membrane is used in a particular installation,
it undergoes additional processing [4]. Optimal treatment is often achieved by trial and error. The integral properties
of ion-selective membranes are well enough studied. For example, their current–voltage characteristic has three typical
sections [5]: at low potential difference, the current through the membrane obeys Ohm’s law (underlimiting regime),
saturation of the current occurs at increasing potential difference (limiting regime), but then the current starts to increase
again in proportion to the potential difference (overlimiting regime). The occurrence of the overlimiting regime is caused
by a special type of instability [6] and, as shown by numerical modeling [7], is determined solely by the asymmetry of
the ion flux, i.e., it does not qualitatively depend on the membrane microstructure. As a consequence, in many theoretical
works, the membrane is represented as a homogeneous (or, less often, piecewise homogeneous) object with specified
properties. At the same time, similar instabilities also arise in the vicinity of specially fabricated nanochannel systems
[8]; therefore, the question of which of the manifested ion properties are systemic and which are provided by a single
nanochannel is of particular interest. In the future, the fabrication of a system of nanochannels with specially selected
properties could become an alternative to the use of traditional membranes.

The electrolyte flow in membranes is usually described by the Poisson and Darcy equations [9–11]. In sufficiently
wide channels, an approach based on the assumption of electroneutrality of the electrolyte outside thin (up to 100 nm)
Debye layers is used [12]. For the nanochannels discussed above, this assumption may be violated, resulting in the need to
solve the full nonlinear system of the Nernst-Planck, Poisson, and Navier-Stokes equations [13], which is computationally
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complex in the case of nontrivial channel geometry. The problem of flow in nanochannels was solved numerically in
the full formulation in [14, 15], where “concentration jumps” resembling shock waves of gas dynamics were found. The
obtained result has both fundamental (especially for mechanics, as a manifestation of a typical feature of nonlinearity) and
practical significance (the papers suggest that when adding third-type ions to the electrolyte, their strong concentration
is possible in these jumps). On the other hand, the proposed approach has limitations related to the resource-intensive
calculations for nanochannels, the length of which is many times greater than their width.

There are approaches [16, 17] based on a weakly nonlinear approximation, in which many restrictions are introduced
to simplify the problem, e.g., weak nonlinearity, small Debye numbers. In addition, the model [17] does not take into
account the advective mechanism of ion transport: only diffusion and electromigration are taken into account. The results
of these works also poorly agree with the results of [14, 15].

In this paper, a simplified model based on the cross-sectionally averaged Nernst-Planck, Poisson, and Navier-Stokes
equations in the creeping flow approximation is studied. The changes along the nanochannels are considered to be slower
than in the transverse direction. As a consequence, it is possible to introduce a small parameter for the asymptotic approach
and to perform averaging without assuming weak nonlinearity and other oversimplifying assumptions. The electrolyte
behavior is considered in a system of coupled microchannel and nanochannel with plane-parallel walls. Such geometry,
on the one hand, corresponds to the accepted assumption (except for the junction vicinity), and on the other hand, allows
to qualitatively compare the modeling results with the data obtained by others, e.g., [15]. The junction region also, albeit
roughly, depicts the surface of the ion exchange membrane in the vicinity of one of the pores, which makes it possible
to qualitatively compare the results with the behavior of membranes. In particular, the system under consideration is
expected to have underlimiting and limiting regimes, but not the overlimiting one, which in practice arises due to vortex
formation near the selective surface [6], and the characteristic vortex size is many times larger than the pore size [18]. The
validity of the model is additionally checked by comparison with the numerical solution of the unsimplified equations.

2. Problem statement

Fig. 1. Schematic representation of the problem geometry

The flow of a symmetric univalent binary electrolyte in a
system consisting of a rectangular nanopore extending into a
rectangularmicropore (Fig. 1) under the joint action of potential
difference and pressure is considered. The pore walls are
impermeable and are assumed to be uniformly charged. The size
of the nanopore is assumed to be large enough for the continuity
hypothesis to apply to the flow. In this case, the electrolyte
motion is described by the equations:

∂c̃+

∂t̃
+∇̃· j̃

+
=0, j̃

+
=Ũc̃+− D̃F̃

R̃T̃
c̃+∇̃Φ̃−D̃∇̃c̃+,

∂c̃−

∂t̃
+∇̃· j̃

−
=0, j̃

−
=Ũc̃−+

D̃F̃

R̃T̃
c̃−∇̃Φ̃−D̃∇̃c̃−,

(1)

d̃∇̃2Φ̃+F̃
(
c̃+−c̃−

)
=0, (2)

−∇̃P̃+µ̃∇̃2Ũ= F̃
(
c̃+−c̃−

)
∇̃Φ̃, ∇̃·Ũ=0, (3)

where (1)—Nernst-Planck equations for ion transport, (2)— Poisson equation for electric potential distribution, (3)—
Navier-Stokes equations for liquid phase flow. The latter, due to the smallness of characteristic scales, are conveniently
taken in the creeping flow approximation. In (1)–(3), the following notations are adopted: c̃± —concentrations of cations
and anions; t̃— time; Ũ—velocity vector; D̃—diffusion coefficient of cations and anions; F̃ —Faraday constant; R̃—
universal gas constant; T̃ —absolute temperature; Φ̃—electric potential; d̃—dielectric constant; P̃ —pressure; µ̃—
dynamic viscosity. Hereinafter, dimensional quantities are marked with a tilde. Temperature, dielectric permittivity, and
viscosity are assumed constant in the considered formulation. The following conditions are set on the pore walls:
– no-slip condition

Ũ=0; (4)

– wall impermeability to ions
j̃+ ·n= j̃

−
·n=0; (5)
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– a potential jump
d̃∇̃Φ̃·ñ=−σ̃, (6)

where n is the external unit normal to the pore surface, and σ̃ is the surface charge density. An electroneutral solution
with ion concentrations of c̃+= c̃−= c̃0 is supplied to the inlet. The inlet velocity is assumed to have a Poiseuille profile
corresponding to a given pressure difference, and the potential is assumed to be constant and this value is taken to be zero,
Φ̃=0. Soft conditions for concentrations and velocities are placed at the outlet of the nanochannel:

∂c̃+

∂x̃
=

∂c̃−

∂x̃
=0;

∂Ũx

∂x̃
= Ũy=0,

and the potential corresponds to the given potential difference: Φ̃=∆Ṽ .
The distribution of ion concentrations at the initial moment of time is assumed to be uniform:

c̃+= c̃−= c̃0.

Strictly speaking, the electrolyte will not preserve electroneutrality in a channel with charged walls, and it would be
more correct to use the stationary solution of the problem for the case of the absence of an external field and pressure
difference (obtained, for example, by the establishment method from the above problem with an electroneutral initial
state) as the initial condition. However, the subsequent calculations showed that in the process of evolution the difference
between these initial conditions decreases rapidly, so, to simplify the algorithm, the establishment stage is skipped.

All quantities are reduced to a dimensionless form. The following quantities are taken as characteristic ones: for length
— half of the channel width at the outlet h̃0; for velocity — D̃/h̃0; for time— h̃2

0/D̃; for dynamic quantity — µ̃. The
concentrations of cations and anions are referred to c̃0; the characteristic potential is the thermal potential Φ̃0=R̃T̃ /F̃ .
The dimensionless equations (1)–(3) are as follows:

∂C+

∂t
+∇·j+=0, j+=UC+−C+∇Φ−∇C+,

∂C−

∂t
+∇·j−=0, j−=UC−+C−∇Φ−∇C−,

(7)

2ε2∇2Φ=C−−C+, (8)

∇2U=∇P−κ∇Φ∇2Φ, ∇U=0. (9)

Here ε= λ̃D/h̃0, λ̃D=
√
d̃Φ̃0/(2c̃0F̃ )—Debye length, κ= d̃Φ̃2

0/(µ̃D̃)—a coupling coefficient of hydrodynamic and
electrostatic quantities.

The boundary conditions (4)–(6) transform into the following:

U=0, (10)

j+ ·n= j− ·n=0, (11)

ε∇Φ·n=−σ. (12)

Thechargedensity in equation (12) is normalizedbyavalue σ̃0= d̃Φ̃0/h̃0, naturallyderived from theabove transformations.
At the initial moment of time (t=0) the dimensionless concentrations are equal to unity:

C+=C−=1.

The condition for the inlet concentrations takes the same form. The condition for the outlet is written as

∂C+

∂x
=

∂C−

∂x
=0.

The conditions for the potential and velocities remain as they are and for the sake of brevity are not given.

3. Solution methodology
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The system (7)–(12) can be directly solved numerically, but in this case its solution is rather resource-intensive. To
simplify the formulation, we assume that the length of the micropore is much larger than its width and the changes in the
tangential direction are much slower than in the normal one, ∂/∂x≪∂/∂y. We neglect the violation of this condition in
a small neighborhood of the junction (see [14] and the literature cited there for a brief justification of such neglection).
This makes it possible to use an integral method like the Karman-Polhausen method [19]: in equations (8), (9) we ignore
the tangential derivatives and find analytic solutions (8), (9) with an explicit dependence on the coordinate y, while the
equations (7) are to be integrated over y in order to find the dependence onx. Two simplifying approacheswill be presented
below: the well-known Gouy–Chapman approach, which is valid for small Debye numbers (ε≪ 1) and an approach
based on the assumption of smallness of the surface charge (σ≪1). These approaches are independent. Small σ allows
one to consider any values of ε, including sufficiently large ones (of course, if they do not go beyond the boundaries of
applicability of the continuum hypothesis), and vice versa. It can be assumed that each of these approaches will reduce
the selectivity of the channel with respect to ions of different signs: ions with the charge identical to the walls will not
encounter appreciable resistance from the electrostatic forces either because of the initial smallness of the wall charge or
because of the weakening of the field created by them to the middle of a sufficiently wide (at ε≪1) channel.

Let us analyze the simplification approaches in more detail. Let us consider the system shown in Figure 1 as a channel

Fig. 2. An axisymmetric channel of variable cross-section with
charged walls

of variable cross-section (Fig. 2). Let us define the wall
profile by the function y=±H(x), which is piecewise
constant because it undergoes a discontinuity at the
junction of micro- and nanopores. For convenience,
it can be approximated by a smooth function with a
sharp change in a small neighborhood of the junction
(the specific form of this function will be given in the
description of the numericalmethod). At first, neglecting
small changes of the potential in the tangential direction,
we reduce the Poisson equation (8) to the form:

2ε2
∂2Φ

∂y2
=C−−C+. (13)

For the case σ≪1, equation (13) has a solution:

Φ=
σcosh

(
y
√
C/ε

)
√
Csinh

(
H
√
C/ε

) , C+=C

1−
σcosh

(
y
√
C/ε

)
√
Csinh

(
H
√
C/ε

)
, C−=C

1+
σcosh

(
y
√
C/ε

)
√
Csinh

(
H
√
C/ε

)
, (14)

whereC is a slowly varying function of the variables x and t: C=C(x,t). For ε≪1, the solution of equation (13) is as
follows

C−=C

 2

1−T exp
(
(y−H)

√
C/ε

)
+2

, C+=C

 2

1−T exp
(
(y−H)

√
C/ε

)
−2

,

Φ=4arcth
[
T exp

(
(y−H)

√
C/ε

)] (15)

and is valid at 0<y<H; the function T (x,t) is of the form:

T =−

√√√√1+

(
2
√
C

σ

)2

− 2
√
C

σ
.

It follows from the continuity equation ∂U/∂x+∂V/∂y=0 at ∂/∂x≪∂/∂y that the normal component of velocity V is
small compared to the tangential component U : V ≪U . Accordingly, the Stokes equations (9) are reduced to a single
equation:

∂2U

∂y2
=

∂P

∂x
+κ

∂2Φ

∂y2
E. (16)

Since the tangential electric field strength E ≡−∂Φ/∂x, which arises in equation (16), depends significantly on the
external field, it is considered as an unknown function to be determined later. On the other hand, in the term ∂2Φ/∂y2 this
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dependence is small, so we can substitute there the value of Φ found from (14) or (15). In the subsequent formulas, Φwill
mean this asymptotic value rather than the full electric potential.

The tangential velocityU is a rapidly varying function of y but a slowly varying function of x (and t). Let us represent
U as a superposition of the pressure (Up) and electroosmotic (Ue) parts, each satisfying the boundary conditions of y.
Then equation (16) is decomposed into two:

Up=
1

2

∂P

∂x

(
y2−H2

)
, Ue=κE(Φ−ζ). (17)

Here ζ is the value of the potentialΦ on the walls y=±H , which at ε≪1 acquires the physical value of the zeta potential.
The pressure and electroosmotic parts of the velocity create the corresponding flow rates along the channel cross-

section. Due to the symmetry of the problem, it is convenient to consider halves of these flow rates, respectivelyQp and
Qe:

Qp=−∂P

∂x
·H

3

3
, Qe=κE

H∫
0

(Φ−ζ)dy. (18)

For physical reasons, we require that the total half-flow rateQ=Qp+Qe is independent of x. This condition allows us to
express the unknown function ∂P/∂x in the relation (18) through the unknown constantQ:

∂P

∂x
=

3

H3

κE

H∫
0

(Φ−ζ)dy−Q

. (19)

Then, taking into account (19),Up in the relation (17) will take the following form:

Up=
3

2H3

Q−κE

H∫
0

(Φ−ζ)dy

(H2−y2
)
.

Now let us integrate the ion transport equations (7). Taking advantage of the conditions of wall impermeability for
both types of ions and interchanging the differential operators and the integrals, we obtain:

∂

∂t

H∫
0

C±dy+
∂

∂x

H∫
0

UC±dy± ∂

∂x
E

H∫
0

C±dy=
∂2

∂x2

H∫
0

C±dy− ∂

∂x

(
∂H

∂x
C±∣∣y=H

y=0

)
. (20)

Substituting the solutions found above into (20) allows us to obtain equations with respect to the two unknown functions,
C andE, and to the parameterQ. We will omit the corresponding derivations, but point out that subtraction of equation
(20), written forC−, from equation (20) forC+ leads to annihilation of the derivative by t, and the remaining ordinary
differential equation after a single integration by x turns into an algebraic equation. At σ≪1, the final equation takes the
form:

∂

∂t
(HC)+

∂

∂x
(QC−εσE)=

∂

∂x

(
H

∂C

∂x

)
, (21)

whereE=M/N , andM andN are given by the relations

M=
6Qε2

H3

(
ζH− εσ

C

)
+2ζC

∂H

∂x
+I, N=−6κε2

H3

(
ζH− εσ

C

)2
+κ
(
σ2H+εσζ−CHζ2

)
+2CH. (22)

The quantity I in (22) is the integration constant, which has the physical meaning of the electric current flowing through
the channel.

The case of ε≪1 produces a more complicated equation that contains a special function— the dilogarithm Li2(±T ):

∂

∂t

[
2HC+4ε

√
C

(√
1+

σ2

4C
−1

)]
−κ

∂

∂x

{
Eζ

[
2HC+4ε

√
C

(√
1+

σ2

4C
−1

)]}
+

+
∂

∂x

{
3

H3
Qp

[
2

3
CH3−4ε2ln

(
1−T 2

)
− 4ε3√

C
(Li2(1−T )+Li2(1+T ))

]}
+
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+4εκ
∂

∂x

{
E
√
C

[
Li2(1−T )−(1+T )− 4T

1−T 2
+ζ

1+T 2

1−T 2

]}
−2ε

∂

∂x
(σE)=

=
∂2

∂x2

[
2HC+4ε

√
C

(√
1+

σ2

4C
−1

)]
− ∂

∂x

{(
σ2+2C

)∂H
∂x

}
, (23)

whereQp and ζ are defined through the potential given by the formula (15). The functionsM andN , through whichE
is found, will have a form structurally similar to (22), which for the sake of brevity is not given here. For the simplified
equations (21) and (23), the role of boundary conditions for potential and velocity is played by two parameters: current I
and flow rateQ. Note that these parameters can be replaced by the potential difference∆V and pressure difference∆P ,
respectively:

∆V =

L∫
0

Edx,I=

∆V −
L∫

0

M−I

N
dx

/ L∫
0

dx

N
,

∆P =

L∫
0

∂P

∂x
dx, Q=

 L∫
0

3κE

H3

H∫
0

(Φ−ζ)dydx−∆P

/ L∫
0

3

H3
dx,

whereL is the dimensionless channel length. In the calculations described below, the pair∆V andQwas supplied, unless
explicitly stated otherwise. A numerical method based on finite-difference approximation was developed to solve the
obtained equations, both the full system (7)–(12) and its simplifications (21) and (23). The spatial derivatives were given
by second-order central differences on staggered grids, and a semi-implicit Runge-Kutta method of third-order accuracy
was used for time integration [20]. The Jacobian of the numerical operator was considered as the implicit part. To control
the accuracy of the method, the number of grid nodes was doubled, and to control the influence of boundary conditions,
the channel length was doubled (with simultaneous doubling of the potential difference in order to keep the mean field
strength constant).

The equations (8), (9) in the unsimplified formulation were solved by a direct method, essentially reduced to the
solution of systems of linear algebraic equations. The rectangular geometry allows us to set the boundary conditions
explicitly, without using the method of immersed boundaries. To reduce the computational complexity of the solution,
eigenfunction decomposition and splicing of solutions at the junction of microchannel and nanochannel were used. This
technique reduced the solution of a linear system with a sparse matrix to a multiple application of a modified tridiagonal
matrix algorithm. Nevertheless, due to the stiffness of the system of equations, the performance of such an algorithm
turned out to be insufficient, so it was used mainly for verification of the results obtained in the simplified approach.

4. Modeling results

The calculations were performed in a channel with a given profile

H(x)=
1+R

2
+
1−R

2
th

[
γ

(
x−L

2

)]
,

which simulates the junction of a microchannel of width R and a nanochannel of width 1 at x= L/2. The values of
L=1000,R=1000, γ=1were taken. The κ=0.26 corresponding to potassium chloride solution was taken; the wall
charge density was assumed constant for simplicity. The value ofQwas given in two ways: as a fixed valueQ=0.5 and as
a linear dependence on the field strength: Q=3.5×10−5∆V , simulating electroosmotic flow. Calculations showed that
atmax(|σ|,ε)<0.3, different assignment ofQ leads to negligible quantitative deviation, and choosing equation (21) vs
(23) gives results that coincide with graphical accuracy. Below, unless otherwise specified, the solutions of equation (23)
atQ=3.5×10−5∆V will be given. Figure 3a shows a typical current–voltage characteristic, which for each of the sets of
system parameters specified in the legend consists of two straight lines connected by a small transition section. When
the system parameters—wall charge, electrolyte flow rate, and Debye number— are changed, the slopes of the straight
lines do not change visually, only the transition point between them is shifted. An increase in these parameters leads to a
decrease in the transition voltage and vice versa.

It can be stated that the model qualitatively repeats the behavior of an ion-selective membrane. The initial section,
obviously, represents the Ohmic (underlimiting) regime; with increasing potential difference the rate of current increase
decreases — this corresponds to the limiting regime. For comparison, we give the current–voltage characteristics of
model cation-exchange membranes [21] (Fig. 3b), where the value N characterizes the selectivity of the membrane
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(a) (b)

Fig. 3. Current–voltage characteristics of: micro- and nanochannel junction (a); partially selective membranes [21] (b)

(N =0means a completely unselective surface, andN =∞, a perfectly selective one). The rate of current rise in the
limiting regime increases with decreasing selectivity, which agrees well with the assumption of weak selectivity of the
considered channel. The absence of an overlimiting regime in the system is also confirmed. Figure 4 shows the profiles of
the functionC(x) for different regimes at ε=0.3 and σ=−0.3 (it corresponds to the plot 3 in Fig. 3a). The transition
from the underlimiting regime to the limiting regime is characterized by a sharp decrease in the ion concentration and, as a
consequence, in the conductivity of the system in the vicinity of the entrance to the nanochannel. Calculations performed
for the unsimplified system show qualitatively similar behavior of the total ion concentration and simultaneous growth of
the charge density in this region. The obtained results are in qualitative agreement with the results of [15].

The tensionE(x) also shows a jump at the junction (see Fig. 5).

(a) (b) (c)

Fig. 4. ChangeC(x) variation along the channel: underlimiting regime,∆V =2000 (a); transition to the limiting regime,
∆V =10000 (b); developed limiting regime,∆V =20000 (c)

(a) (b) (c)

Fig. 5. Variation of E (x) along the channel: underlimiting regime, ∆V = 2000 (a); transition to the limiting regime,
∆V =10000 (b); developed limiting regime,∆V =20000 (c)

The diagram in Figure 6 shows the distribution of the total longitudinal velocityU and its electroosmotic (Ue) and
pressure (Up) components at different points of the channel. The calculation is performed for equation (21) at zero pressure
difference, ε=1 andσ=−0.1. For ease of understanding, the transverse coordinate is normalized to the channel thickness:
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η=y/H .

Fig. 6. Schematic representation of velocity profiles at different channel cross-sections: 0.100 (cross-section1-1); 0.450 (2-2);
0.503 (3-3); 0.900 (4-4); total velocity is shown as solid line, pressure component, as dashed line, electroosmotic component, as
dots

.

Near the inlet (cross-section1-1), due to the electroosmotic velocity component, the liquid moves forward and thus
resistance is created, which is expressed in the appearance of a negative pressure componentUp<0. The resulting velocity
U is positive, but there are an inverse flow along the axis of the microchannel and a direct flow near the walls. When
approaching the micro- and nanochannel junction (cross-section2-2), both electroosmotic and pressure components
increase in modulus but maintain their direction. The overall velocity profile suggests vortex formation at this location:
this conclusion is consistent with experimental data from [18] and is confirmed by numerical solution of the unsimplified
equations. At the entrance to the nanochannel (cross-section3-3), both components decrease sharply in modulus but also
retain their directions. As the liquid moves to the outlet, the pressure component tends to zero (cross-section4-4).

5. Conclusion and discussion

The behavior of dilute electrolyte in a system of joint microchannel and nanochannel with charged walls under the
action of pressure and potential difference under the continuum hypothesis was studied numerically. Simplifications based
on asymptotic decomposition by a single small parameter, the Debye number or the wall charge density, are used; in the
latter case, the model allows consideration of nanochannels whose width is comparable to the thickness of the Debye layer.
The main characteristics of the flow and ion distribution are obtained numerically. An analogy between the considered
channel and a pore of an ion-exchange membrane is proposed; it is shown that the underlimiting and limiting regimes of
membrane operation are also manifested for its individual pore and, therefore, are not a systemic property. The results
show satisfactory agreement with the numerical solution of unsimplified equations and experimental data.

The simplified model proposed in this paper allows several important generalizations.
Firstly, as mentioned in Section 3, the wall profile is not limited by the junction of micro- and nanochannel, but can

have an arbitrary shape (given by a function of one variable); moreover, the accuracy of the profile depends only on
the number of grid cells. As a consequence, the model allows studying nanopores of a given variable cross-section.
Presumably, their behavior will also qualitatively look like the behavior of partially-selective membranes— until the
transition to the overlimiting regime occurs. This idea is based on the findings of [21], where the qualitative coincidence of
the current–voltage characteristics of membranes of different selectivities are shown in the framework of another model.
Similarly, the proposed numerical method allows consideration of walls with inhomogeneous charge distribution (the
function σ), but the study of the influence of different distributions on the behavior of the system is beyond the scope of
the work.

Secondly, consideration of an electrolyte with a larger number of ions can be made by accompanying the equation
(1) with similar equations with additional coefficients in the right-hand side (relative diffusion coefficients and charge
numbers), while the numerical algorithm remains generally the same both for the simplified formulation and the full one.
In particular, the authors have performed preliminary calculations for an electrolyte with suspended strongly charged
particles, showing the possibility of controlling the motion of these particles. The model is similarly generalized to the
case of flow with dissociation/recombination of ions.

The case of near-zero applied voltage is of a special interest. The violation of electrolyte electroneutrality in the system
caused by the wall charge leads to a nonzero electric current in the system and generates a potential difference between the
inlet and outlet— the streaming potential (its value is small and is not visible in the graph of figure 3a due to the chosen
scale). The proposed model shows that the concentration of electrolyte ions at the outlet in such a regime differs from the
inlet one and can be both smaller and several times larger. Consideration of this and other effects mentioned above is the
subject of a separate study.
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