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A numerical approach is proposed for studying changes in the structures of vortex configurations of an ideal fluid
with time. Numerical algorithms are based on the solution of the initial-boundary value problem for nonstationary Euler
equations in terms of vorticity and stream function. For this purpose, the spectral meshless vortex method is used. It is
based on the approximation of the stream function by the Fourier series cut and the approximation of the vorticity field
by the least squares method from its values in marker particles. To calculate the dynamics of particles, a Cauchy problem
is solved. The scheme of the spectral-vortex method makes it possible to implement the algorithm for analyzing the
“instantaneous structure” of the velocity field using the methods of the theory of dynamic systems. This includes the
construction of an “instantaneous” vector flow field, its singular points, and saddle point separatrices. To study the
dynamics of changes in structures with time, the field of the local Lyapunov exponents is calculated. The results of
numerical modeling and the analysis of changes in the structure of vortex flows are presented on the basis of the proposed
approaches for two types of boundary conditions. Under periodic boundary conditions, the vortex configuration consists
of four vortex spots. For the flow condition, the fluid flow in the channel with a given velocity at the boundary is
considered. The calculations have shown the effectiveness of the proposed algorithms for a fine analysis of the emerging
pattern of the velocity field of the vortex configuration.
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1. Introduction

The analysis of vortex dynamics is important for understanding many natural processes and their
dependence on the environment characteristics. Methods of bifurcation theory are effective for qualitative
investigation of the influence of various parameters on the vortex structures dynamics and forming [1, 2].
Complex flows of an inviscid incompressible fluid consist of vortices with different intensity, size, and
orientation. Their disposition at each moment of time determines the amount of mass transfer, the fluid
dynamics, and the trajectories of the particles [3]. The information obtained about vortex dynamics in a fluid
flow is relevant both for understanding the fundamental laws of fluid flow and for solving specific problems
(see article [4] and literature review therein). The transformation of the flow structure in time and space leads
to qualitative changes in the flow properties. Understanding the details of flow’s internal configuration makes
it possible to study the interaction processes of vortex spots [5], evaluate and predict mass transfer in them [6].
It is possible by using numerical methods based on the theory of dynamical systems [7] and including both
methods of the qualitative theory of differential equations and algorithms for the analysis of chaotic dynamics.
In this article, an algorithm for the complex analysis of the structures of plane flows of an inviscid
incompressible fluid is proposed. This algorithm is based on the spectral-vortex mesh-free method for solving
a non-stationary problem for the Euler equations [8, 9].

2. Mathematical formulation of the problem and spectral vortex method

Plane flows of an inviscid incompressible fluid are considered. The problem can be described by the Euler
equations, which in terms of vorticity (x,y,t) and stream function y(x, y,t) have the form:
o +y o, ~y,o, =0, 1
-Ay =w,

where t is the time, x, y are spatial coordinates, Ay =y, + v, is the Laplace operator. The equation (1)
describes the passive vorticity transfer by fluid particles. The equation (1) relates the vorticity @ and the
stream function y . The dimension of the quantities is omitted here and below. This is due to the fact that the

Euler equations written for an inviscid incompressible fluid are dimensionless.
Two-dimensional flows in a rectangular area of the size axb are investigated:
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a a b b
D:{(x,y): —ESXSE; —ES ysz}

with an initial condition w(x,y,0)=a,(X,y). The problem is solved under two types of boundary conditions.

I.  Space -periodic conditions
Under such conditions, restrictions arise for the initial condition, namely the integral over the domain D
of a)o(x, y) must be equal to zero. These boundary conditions are often applied in numerical modeling of

vortex dynamics on the entire plane:

v]ia=wla,  wlo=wl: wla=wla v le=w b
2 2 2 2 2 2 2 2

I1. Given flow velocity at the boundary

In this case, it is assumed that the fluid flows through the boundary of the domain D with a given normal
velocity. All the border of the domain D is divided into three parts: 6D", where the normal velocity of the
fluid is directed into the area D (this corresponds to the entrance to the area); D™, where the normal velocity
of the fluid is directed from the area D; oD°, where is the solid boundary. Under such conditions, the flow
velocity at the boundary of the region oD will be defined as:

oD

W'eD =V

where

is a given function satisfying the condition that the total fluid flow through the boundary is equal
to zero. In addition, a boundary condition must be given for »* (x, y,t) at the entrance to the area (on part of
the domain border oD").

To solve the non-stationary problem (1) means to find the characteristics of the behavior of vortex flows in
time. For this, the spectral vortex method is used. It is based on the passive transfer of vorticity by marker
particles and the representation of the stream function as a segment of the Fourier series. A detailed description
of the numerical scheme of the method is presented in the works [8-10].

For both types of boundary conditions, the stream function v is approximated in the form of a segment of

the Fourier series by the basis functions:
kx ky

w(txy)= Y >, (t)g (x)h(y). 2

i=1 j=1

Here: k,, k, are the number of expansion termsinx and y respectively; y; (t) are unknown coefficients (they

depend on the time t). The choice of functions g;(x), h;(y) is determined by the type of boundary

conditions:
— for the space-periodic boundary conditions

e e e
orl G050

— for the condition with the given flow velocity at the boundary

1.k,

1 ..., k,;
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6,(%): {%Sln(zzk(x+%j)}, k=1 Kk,

hj(x):{%s n[zgk(wgn}, k=1,..., K,

Coefficients y;; (t) of the series (2) are calculated by solving the equation (1), at each moment in time by

the Bubnov-Galerkin projection method. After that, the dynamics of the marker particles of the fluid is
described by a system of ordinary differential equations:

ke Ky oh i
X =V, =y, t,x,,y, zzl//kl Ia(yyl)'
k=t 1= (i=1,...,N). 3
Vi =V, =¥, (LX,Y) = ZZ‘/’M agk(Xi) h (v;),

k=1 1=1 8y

In (3) ( X, yi) are spatial coordinates of the marker particles.
To solve the system (3), it is necessary to determine the initial coordinates of the particles (xio, A ) , and the

corresponding vorticity value according to the initial condition @ :coo(xi,yi). It is important that the

coordinates of the particles change in time, but the vorticity values «, remain constant. Some of the marker

particles are located in the nodes of a uniform grid. The coordinates of these nodes are used further for
calculating the field of local Lyapunov exponents (LLE). The remaining particles can be distributed randomly.

To detail the vorticity distribution of some subdomains, for each particle with coordinates (x,o y,°) must be

specified the particles that are symmetrical with respect to the axes x=0 u y =0. It is necessary in order not

to disturb the discrete symmetries in the computational domain.

In the article [11], the method of solving the non-stationary problem is expanded due to algorithms for
analyzing the structure and rearrangements of vortex structures in time in a closed flow domain. This article
supplements the analysis of the problems of two-dimensional dynamics of an inviscid incompressible fluid
under various boundary conditions with new possibilities.

In the calculations, the number of marker particles are from 20,000 to 160,000. That is, systems from 40,000
to 3,200,000 ordinary differential equations were numerically solved. This required parallelization of the
algorithm for solving problem (3) using OpenMP technology. To integrate the system (3), a pseudo-symplectic
integrator of the third order of accuracy and the sixth order of approximation of the symplecticity condition
was used [12].

3. Algorithms for numerical analysis of vortex structure dynamics

It is known [3] that the "frame" of a complex plane flow is vortex spots, which determine the structure of
the flow and the properties of fluid transfer. At each fixed moment of time in the center of the vortex spot, the
velocity of the liquid is equal to zero, that is, the elliptical singular point of the system (3) corresponds to the
center of the spot. In this case, the boundaries of the vortex spots are determined by separatrices, which are
stable and unstable manifolds of saddle singular points of the system. The representation of the current function
in the form (2) makes it possible to apply the approaches of the theory of dynamical systems to study the
transformations of flows based on the rearrangements of the phase portraits of the system (3). In this paper,
we propose an algorithm for automatic constructing a phase portrait at the values of the coefficients given in
(3). Its description is given below.

The disadvantage of this approach is that a "momentary"” structure of the velocity field is obtained,
according to which it is possible to analyze fluid configurations only at a fixed time moment. At the same time,
the flow structure is well represented only in the stationary case, and there is no idea about the details of
dynamic rearrangements and mass transfer processes in non-stationary fluid flows.

Information about unsteady vortex flows can be obtained by studying the nature of marker particles trajectories
in time. The chaotic character of the trajectories will indicate the dependence of the flow velocity field on time.
When a liquid particle moves in space, it passes through regions with different dynamics, and the motion of the
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particle can be characterized by the magnitude of its acceleration [12], which makes it possible to study the processes
of fluid transfer. The algorithm for calculating particle trajectories is an integral part of the scheme of the spectral
vortex method, the description of which can be found in the articles [8-10].

The intensity and structure of mass transfer can be obtained as a result of calculating the LLE field. This
characteristic is constructed without significant additional effort when using the spectral vortex method. The
calculations involve particles located in the nodes of a rectangular grid in the flow region (see [9, 11]).

3.1. Algorithm for constructing the "instant structure' of the velocity field
Stage | of the algorithm for numerical analysis of the vortex structure dynamics of the flow consists in

finding all the singular points of the velocity vector field of fluid particles. To do this, a system of two algebraic
equations of the form is solved:

ke Ky h y
zz V/klgk ( =0,
kL 11
4)
k& ag, (x
y/X(X,y)z Vi gk( )hl y):O

To obtain a solution, it is natural to use Newton's method.
Let us introduce the notation: F =(1//y(x, y), —v//x(x,y)) and U =(x, y). The calculation formula of the

method will take the form: U** =U* - J7(U*)-F(U*), where J is the Jakobi matrix of the system (4).

With a well-defined initial approximation, Newton's method will converge to one of the solutions. Finding all
solutions of the system (4) is a much more complex problem, which is generally difficult to solve.

To search for the set of singular points of the system (4), the following sequence of actions can be proposed:

1. The calculation domain D is divided into cells with step h.

2. As an initial approximation for the Newton method, the coordinates of the cell center are selected.

3. Next, perform calculations according to the Newton method. For a cell, the iterative process is completed
in one of two cases: the next value has gone beyond the boundaries of the cell; the equilibrium value — U,
is found.

4. The obtained solutions should be analyzed for stability and classified into singular points (saddle and
elliptical).

Steps 1-4 of the algorithm are perfomed with steph/2.

5. If the number of solutions found are the same, stop the algorithm.

Stage Il of the algorithm consists in constructing stable and unstable manifolds U, and saddle points. These

special trajectories will be the separatrices of vortex spots. It is necessary to find eigenvectors corresponding to
positive (u) and negative (v ) eigenvalues U, for each saddle point. Then we need to solve system (3) in forward

time t<[0,T] with the initial condition U.+6u and in reverse time te[-T,0] with the initial condition
U. £ ov. The value T is determined in the calculation process. The calculation stops either when the trajectory

hits the boundary of the flow region in the vicinity of another singular point, or when the time reaches a certain
maximum value T,

3.2. Construction of a field of the local Lyapunov exponents (LLE)

The Lyapunov exponents help to analyze mixing and mass transfer processes in a fluid qualitatively. They
also allow detecting stagnant zones. Using the Lyapunov exponents makes it possible to determine how
infinitely close at the initial moment liquid particles move away from each other over the time. Since vortex
structures are studied at finite times, we are talking about LLE field. In this paper, LLE calculation is based on
the schemes described in [14, 15]. This approach is in good agreement with the algorithm of the spectral vortex
method [8, 11]. A distinctive feature of the applied approach is the consideration of the dynamics of marker
particles in the entire domain, including particles with zero vorticity, which opens up the possibility of
effortlessly constructing the LLE field at each time step.
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When constructing the LLE field in the flow domain D, particles located in the nodes of a rectangular grid
ata t, time moment are used. These particles determine the initial vorticity distribution in the domain D . Let

(xio, y,°) be the initial coordinates of the particle with the numberi (i=1,2,...,N) on the plane. Then
U (x,0 v, T):(xiO (t,+T). y7 (t +T)) are the coordinates of the i -particle at the T time moment, where t,

is the initial moment of time. The local Lyapunov exponent at T time is defined as follows:

o' (%, yf’):ﬁ-ln\/ﬂ,‘mX ((VU)T-VU), (5)

where .. — is the maximum eigenvalue of the Cauchy—Green strain tensor ((VU )T -VU) for the particle
(%, ¥7).

The value VU (x,0 yf’) in expression (5) is calculated by using a four-point pattern. For the convenience
of using this approximation scheme, we apply two-index numbering of particles: XEJ =k-h,, y,?v, =I-h,

where k=1,...,m, I=1..m . Here h, hyare fragmentation steps by x and vy respectively,

X! y*

m,, m, — are the number of grid nodes b on axes x and y respectively. Then the formula for the calculation
VU (X, Yoy ) will take the form:

VU (Xg,w yg,w T) ~ VU (XE+1,|1 yl(<)+1,l )Z_h VU (Xf—l,li yl?—l,l ) ’ vu (XE,IH! yg,m)z_h vu (XI((),I—li yl?,l—l) (6)

X y

Since all values in the right part of expression (6) are known at each time step T , to construct the LLE field
at the nodes of a rectangular grid, it is necessary to calculate the value VU (xfy, : yfv, ) according to formula (6)

for each node of the grid and find the maximum eigenvalue of the strain tensor. The maximum eigenvalue
A Can easily be calculated analytically. After that, the LLE value is found according to the formula (5).

4. Verification of the Method

The proposed numerical scheme has been verified by a number of test calculations. For periodic boundary
conditions, the dynamics of the Lamb dipole was studied, given at the initial time by the following vorticity
distribution:

2/1—UJ1(/1r)cos®, r<R,

COO(X, y): ‘]O(lR) (7)
0, r>R,

where r, ®are polar coordinates on the plane, J,is Bessel functions of the 1st kind of i order (for the

smoothness of the vorticity field we assume AR =3.831is zero of the Bessel function of the 1st kind), R=0.5
is Dipole’s radius, U =0.3 is Dipole’s velocity.

Figure 1 shows lines of the stream function of the Lamb dipole (7) at the initial and final time moments of
the calculation. During the calculation period, the dipole passed through the boundaries of the region ten times
along the abscissa axis. It can be noted that the vortex configuration has completely retained its structure and
symmetry, which allows us to conclude that the accuracy of calculations based on the proposed numerical
scheme is quite high. The test calculation was carried out on the time interval t €[0,350]. The calculation

parameters s were: a=b =10, At=0.015is time step, k, =k, =35 are the number of expansion terms in x
and y respectively, n, =n, =350 are the number of domain D fragmentation by x and y respectively.
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Fig. 1. Stream lines of the Lamb Dipole at the initial and final times t: 0 (a); 350 (b).

5. Numerical experiments

Two initial configurations were analyzed using the proposed algorithms. The algorithm of analysis is used
in the first case of the "instantaneous structure™ of the velocity field, and in the second of the constructed LLE
field.

5.1. Analysis of the flow structure in the channel

This computational experiment demonstrates the possibilities and results of calculating the "instantaneous
structure™ of the flow velocity field. The flow in the channel with the sides a =3, b =1is considered. Boundary

conditions are of the type Il with a given velocity of the flow on the boundary is a function in the form
w® =Qy+ Q,y*+Q,y® and vorticity at the entrance to the channel is @* =ky ™. Under such conditions,

stationary modes are known in problem (1) with the dependence w(x,y)=ky(X,y), (see [15]). As an initial
configuration (initial distribution e, (x, y)) let us choose a vortex configuration corresponding to the stationary
mode at Q, =0.03, Q,=0.21, Q,=-0.14, k=51. To implement the spectral vortex method, we use the
following parameters: N =22000is quantity of particles; n, xn, =30x10 is the number of cells in the partition of
the domain D ; k, xk, =35x35 is the number of expansion terms in (2); h=0.02 is the time step. The results of
the calculations are shown in Figure 2.

Fig. 2. The velocity field of the fluid in the channel at various points in time t; saddle singular points are
marked with a triangle; elliptical singular points are marked with a circle; separatrix of saddle points correspond
to the lines.
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Fig. 3. Dependence of the kinetic energy K of the flow on time t.

At the initial time, the stationary mode is maintained, the velocity field at t =5 contains 8 saddle and 6 elliptical
singular points. At t ~10, the accumulated computational error leads to the destruction of the configuration of the
stationary mode, the restructuring of the structure of the phase portrait (the reconnection of separatrices). On the
time te [10, 14] , the flow undergoes a significant transformation: over time, the number of singular points, the

nature of the separatrix, and the geometry of the flow zone change. At t =14 the flow consists of five vortex spots
that interact with growth, and the final flow mode is close to stationary, with a structure consisting of three vortices
(not shown in the figure). Figure 3 shows a graph of the dynamics of the kinetic energy of the flow. Due to the
openness of the channel, the energy changes over time, but in the final regime, which is close to stationary, these
changes are small.

5.2. Dynamics of a system of four vortex patches

A vortex flow configuration consisting of four distributed vortex spots is considered. At the initial
moment of time, the vorticity field is determined, according to the Gaussian law, as follows:

L e sy
1 _(xFa)’+(y=p)° ) )
(X, y)= —Ee 2 . (xFa) +(yxpB) <R’ (8)
0, (xTa) +(y+p) >R
0, (xTa) +(y+B) >R,

where (ta, + ), (Fa, = B) are coordinated of the centers of the vortex spots, R is the spot radius.

The dynamics of the vortex structure was studied under the following parameters: a=b=20 are
dimensions of the calculation domain D; N =160000 is the number of particles; n, xn, =35x35 are the

number of cells; k, xk =30x30 are the number of expansion terms in the Fourier series by x and y

respectively; At=0.005 istimestep; te [0, 1500] is the time period of calculation. The table shows the values
of the parameters «, £, R, corresponding to the initial vortex configuration (8).

Table. Parameters of vortex configurations in a computational experiment.

Experiment
nFLmber a P R
I 5.0 5.0 45
I 4.0 4.0 2.0
Il 5.0 5.0 35

The figures below show the results of computational experiments on modeling vortex flows on a plane. Figure
4 shows the initial distribution of vorticity and streamlines for each of the computational experiments. Black
color means spots with negative vorticity value and while color means spots with positive vorticity value.
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Fig. 4. Distribution of vorticity and stream function lines at the initial time t=0 for experiments |

@), 1 (b), 111 (c).

Three different vortex configurations consisting of four distributed vortex spots of different signs are
considered. At the initial moment of time, the vortex structures differ from each other in the coordinates of the
spots centers, the radius of the spot, as well as the mutual location of the spots of different signs.

Figure 5 shows the final vorticity distribution and the type of streamlines for each of the experiments I-I1I.
The vortex configuration in Figure 5a corresponds to a stable mode: the symmetrical flow structure remains
unchanged during the entire calculation period. Each of the vortex spots rotates around its axis, remaining in
place.

The dynamics of the vortex configuration Il (see Fig. 5b) is a repetitive mode with a period z~180. This
means that the structure returns to its initial position during the time period 7 . In total, during the experiment,
it undergoes 8 complete cycles of change.

The vortex configuration 111 turned out to be unstable. During the calculation, it gradually changes and then
completely collapses; a qualitatively new structure appears. Figure 5b shows that out of the four vortex spots
characteristic of the initial moment of time, two larger vortex spots are formed. At the same time, the new
vortex structure turns out to be more stable, unlike the configuration at the beginning of experiment I11.

10 -10 0 10

Fig. 5. Distribution of vorticity and stream function lines at the final time t =1500 for experiments I-I11, see
respectively (a—c).

Figure 6 shows the LLE field for each of the experiments I-111 at the finite time t =1500 . Here, black color
means the smallest distance of the particles from each other over time (the minimum LLE is 0), and the lighter
the shade of gray, the greater the value of the LLE and the greater the distance from each other the particles
scatter. In Figure 6a there are two separatrices: vertical and horizontal. Mixing processes occur most
intensively around rotating spots, which corresponds to the lightest shade of gray (Fig. 6b). The centers of each
of the spots are in place during the entire estimated time. Particles close to the center of the spot scatter to a
smaller distance than particles located near the contour of the spot. It is also possible to note the presence of
two pronounced separatrices. Four stagnant zones are clearly visible, where the particles have practically not
moved relative to each other.

In the image of the results of experiment 111 (see Fig. 6b), light gray color prevails. This means that there has
been almost complete mixing in the area. The darkest areas here are the central points of the vortex spots: they
remain in their places during the entire calculation time, while the surrounding particles move away from them
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for quite long distances. In this figure, as well as in the images of the two previous experiments, a vertical
separatrix is visible.

0,07
0,06
0,05
0,04
0,03
0,02
0,01

Fig. 6. LLE field at the final time for experiments I-I11, see respectively (a—c).

For a qualitative assessment of the results

K obtained at each moment of time on the step
te[0,1500] in experiments I-lIl, the

2.8} :H, 1 corresponding average value of kinetic energy
was calculated by  the formula

P K =(v12 +v§)=yxf +y/§, where v, v, are the
first and second components of the velocity

L : : vector v, w,, w, are the partial derivatives of
% 500 1000 ! the stream function y by variables x and y
Fig. 7. Dependence of the kinetic energy K of the flow on respectively. The results of the calculation are
time t for experiments I-1lI. presented in figure 7. It can be seen that the

value of the kinetic energy remains practically
unchanged over the entire time period of calculation.

For Experiment 111, there is a slight increase in time moment t ~1200 . This is due to the fact that it is at this time
that a qualitative restructuring of the vortex structure takes place (two of the four vortex spots are formed). As a result
of the merging of vortex spots, small-scale structures are formed, because of which the quality of the approximation
of the vorticity field deteriorates. This leads to an increase in the error of the calculated values. The problem that arises
can be eliminated by increasing the number of cells when constructing a discrete analogue of the domain.

6. Conclusion

The proposed algorithms for the qualitative analysis of the dynamics of vortex configurations based on the
solution of the non-stationary problem of the dynamics of an inviscid incompressible fluid by the spectral-
vortex mesh-free method make it possible to consider in detail the rearrangements of vortex configurations.
The efficiency of the algorithms is confirmed by the calculations carried out. The resulting "instantaneous"
phase portrait of the flow velocity field provides an opportunity to calculate the number and size of vortex
spots at each moment in an acceptable time. The field of the local Lyapunov exponents allows one to estimate
the intensity of fluid mixing in different flow zones over time.

The described approach can be used not only for solving direct problems of studying flows in time, but also
for identifying a vortex configuration based on known data on the flow velocity field. A fairly simple
implementation of the methods for qualitative analysis of the flow structure is due to the scheme of the spectral-
vortex method for solving a non-stationary problem. The approximation of the current function by a segment
of the Fourier series makes it possible to calculate the velocity vector at any point in the domain and use the
methods of the theory of dynamical systems. However, when solving non-stationary problems using spatial
discretization, for example, finite differences, the implementation of qualitative analysis algorithms is
associated with additional difficulties.

The proposed algorithms were used to study the dynamics of various vortex configurations. In the case of
a flow in the channel, the change in the structure of the vortex configuration and the velocity field over time is
shown; all the singular points of the velocity field are found. The configuration of four distributed vortex spots
on the plane was also investigated. The influence of the size of the spot radius and the relative position of co-
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and multidirectional spots on the stability of the vortex configuration is considered. The evolution of the vortex
structure over time is shown, the local Lyapunov exponents are calculated and estimated.
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