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The study of the stress-strain state of an infinitely long thermoelastic cylinder has been carried out taking
into account scale effects. A thermal protective coating is applied to the outer side surface of the cylinder,
the thermomechanical characteristics of which are functions of the radial coordinate. Thermal boundary
conditions of the 1st kind are set on stress-free side surfaces of the cylinder. To account for scale effects,
the Aifantis’ one-parameter gradient theory of thermoelasticity is used. Additional boundary conditions and
conjugation conditions for couple stresses are specified. The displacements and stresses are represented as
the sum of the solutions of the thermoelasticity problem in the classical formulation and the gradient parts.
After finding the radial temperature distribution, the thermoelasticity problem in the classical formulation
with respect to radial displacements and stresses is solved numerically by the shooting method. Additional
boundary layer terms for radial displacements at small values of the gradient parameter are found using the
asymptotic method for solving linear differential equations with spatially varying coefficients (the
Wentzel-Kramers—Brillouin method — WKB method). Specific examples of calculations are given for
radial displacements, Cauchy stresses, couple stresses and total stresses in the case of both homogeneous
and inhomogeneous coatings. It has been found that Cauchy stresses and total stresses experience a jump
at the boundary between the cylinder and the coating. The couple stresses at small gradient parameters are
much less than the total stresses. An increase of the scale parameter reduces the values of radial
displacements and total stresses. Deformations are continuous in the cases of both homogeneous and
inhomogeneous coating. A comparative analysis of the influence of the inhomogeneity parameter value on
the distribution of displacements and total stresses has been done.
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1.Introduction

Thermal protective coatings are designed to protect against premature destruction of structural elements of
constructions operating in a high-temperature environment. The main feature of thermal protective coatings is
the low coefficient of thermal conductivity, as a result of which the temperature of the metal substrate becomes
much lower than the temperature on the surface of the coating. Coatings are usually made from homogeneous
materials such as ceramics. However, due to the difference in the thermomechanical properties of the coating
and the substrate, areas of stress concentration can appear on their interface, which can lead to delamination
of the coating. As an alternative to homogeneous and layered coatings in recent years, inhomogeneous coatings
have come forward, in which the thermomechanical properties are not constants, but coordinate functions [1].
When they are used, there are no jumps in material properties at the “coating-substrate” interface.

The most common method for studying the state of inhomogeneous bodies is the finite element method [2].
Other approximate methods are also used. For example, in [3], an economical numerical-analytical method for
solving the thermoelasticity problem for an elongated rectangle consisting of two types of heat-shielding
coatings, homogeneous and functionally graded, is proposed. For each type of coating, its own model of
thermoelastic deformation of the “coating-substrate” system is presented. The deformation models are based
on special distribution laws for the components of the displacement vector and temperature over the coating
thickness, which made it possible to take into account the effect of inhomogeneity of thermomechanical
characteristics and satisfy the conditions for matching displacement fields, stresses, temperature and heat flow.
The unknown functions included in the expressions for the temperature and displacement transformants were
determined using the variational principle of thermoelasticity and the Kantorovich method.

When calculating the stress state in microsized objects, the gradient theory of elasticity is used. This theory
takes into account scale effects, that is, the dependence of the stress-strain state (SSS) on the characteristic
dimensional parameters. The gradient theory of elasticity, formulated in the middle of the last century in the
works of Tupin [4] and Mindlin [5], later received its generalization to the theory of thermoelasticity [6].
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For the first time, the Lame problem from the standpoint of the gradient theory of elasticity was considered
in [7] for an infinite-length pipe and a spherical shell, which are under the action of uniform external and
internal pressure. However, the practical use of the Tupin—Mindlin model ran into the question of identifying
five additional gradient modules. In order to simplify the constitutive equations, the applied gradient models
of Aifantis [8-11] and Lurie [12] were proposed, the constitutive equations of which include only one gradient
parameter. Within the framework of the Aifantis one-parameter model, in [13], on the basis of the variational
principle, the equilibrium equations and boundary conditions of the problem of equilibrium of a homogeneous
thick-walled hollow cylinder under mechanical loading were obtained, and an analytical solution of the
problem was found using the apparatus of modified Bessel functions. Analytical solutions have also been
obtained for the problem of determining the SSS of an inhomogeneous hollow cylinder under power laws of
inhomogeneity of thermal and mechanical loading [14-16].

Single-parameter gradient models of mechanics are also used to refine the SSS of layered elastic [17-20]
and thermoelastic [21, 22] bodies. In [17], in the framework of the interfacial layer model, S.A. Lurie
numerically investigates the equilibrium of a layer with a coating under the influence of a localized normal
load. The solution is obtained using the integral Fourier transform and its numerical inversion. In [20], the
problem of bending a microbeam with a partial coating is solved. The effect of a change in the magnitude of
the scale parameter on the nature of the distribution of displacements and stresses in the beam and on the
position of its neutral line is studied. Under the assumption that the problem is one-dimensional, the SSS of
thin-layer composite structures under thermal action was analytically studied in [21]. The authors of [22]
solved the problem of gradient thermoelasticity for a composite rod, and to find the Cauchy stresses, the
asymptotic Vishik—Lyusternik approach was used, which takes into account the presence of boundary layer
solutions in the vicinity of the boundaries and the conjugation point of the rods. The dependence of the Cauchy
stress jump on the ratio of the physical characteristics of the rods and the scale parameter is also studied.

The objectives of this work are as follows: formulation of the problem of gradient thermoelasticity for a
hollow cylinder with a thermal protective coating under effective nondimensionalization; selection, on the
basis of the asymptotic Wentzel-Kramers—Brillouin method, the WKB method, of the boundary layer parts of
the solution; using the shooting method to solve the problem of thermoelasticity in the classical formulation;
testing the solution method on the example of a homogeneous coating; calculation of radial displacements,
Cauchy stresses, total and couple stresses for both homogeneous and inhomogeneous coatings; the analysis of
the obtained results.

2. Constitutive relations of gradient mechanics

In the gradient theory of elasticity, the strain energy density depends not only on the strain, but also on its
first gradient [5]. In the case of a linear isotropic material, the expression for the strain energy density in the
framework of the Aifantis one-parameter model has the form [8]:

W=(24/2) g6, + ue;s; +|2((/1/2)5“'k8jj'k +/u‘9ij,k‘9ij,k)1 (1)

where 1 and x are the Lamé parameters, &; are the components of the strain tensor, | is the gradient

parameter that characterizes the microstructural structure of the material and has the dimension of length (for
example, for polycrystalline solids, this is the grain size).

In the gradient theory of elasticity, the components of the Cauchy stress tensor

j» couple stress tensor my

, and total stress tensor o; are represented as:

oW
T = g’ (2)
i
oW
M =55~ 1’735 )
ij,s
Oy =7 — My = (1— IQVZ)Z'ij ) 4)

The mathematical formulation of the problem of gradient thermoelasticity includes [6]:
— the equilibrium equations written in total stresses
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0;,;=0; %)
— mechanical static boundary conditions
7N, —my N, — (mussns) +(mijs,snjns)’Z n,=t, mgnn=p; (6)
— mechanical kinematic boundary conditions
u =V, ui,jnjz%; (7)
— classical heat equation
(kT:),=0; (8)

— thermal boundary conditions of the 1st kind, given on the surface S,

T| =T,; 9)

St

— thermal boundary conditions of the 2nd kind, given on the surface S,

Afs, = - (10)
Here: t., p. are the components of force vectors given on the surface of the body; n, are the components of
the unit vector of the normal to the body surface at the considered point; T is a temperature; k; are the

components of the thermal conductivity tensor; q is a heat flow; S=S US; is the surface of the body; V is

the nabla operator (Hamilton differential operator); the comma in the subscript means differentiation with
respect to the coordinate.

In the polar coordinate system, the expressions for the nonzero components of the tensors (2)—(4) and the
components of the vectors (6) have the form [14, 15]:

u du,
=(1+2 L A+2
T =(A+2u) dr o=(4+ ) r dr
d —
o = Iz—ddr: ) ppr 12 ;(fw ) mr(p(ﬂ =m,, 1 12 (Trr rTW) ,
1d 1 1d 1
o, =1, —Fa(rmm) : =(My,+m,,),  0,,=1, o (rmwr)—F(mW +m,,),

1d 1
t =7, _Fa(rmrrr) r(m +m, +ml’gp(/7) ! Pr =My

Here y isthe thermal stress coefficient.

3. Statement of the gradient thermoelasticity problem for a cylinder

Let us consider an infinitely long thermoelastic cylinder, on the outer side surface r =h, of which a thermal

protective coating with a thickness h is applied. Zero temperature is maintained on the inner side surface r=a
of the cylinder. The outer surface of the coating r =b, where b=h +h, is stress free and is at a temperature

of T,. The material of the cylinder is homogeneous, characterized by Lame coefficients 4, and g, thermal
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conductivity coefficient k; , thermal stress coefficient y,. The coating material has characteristics 4,, u,, Kk, ,
7, ,» depending on the coordinate r. Let us represent the material characteristics of the “’cylinder-coating”
system in the form of piecewise continuous functions:

S T

where any of the material characteristics of the cylinder (or coating) can actas F, (or F,).

According to the classical formulation of the problem, the conditions of continuity in temperature, heat
flux, displacements, and radial stresses must be satisfied on the mating surface of the coating and the cylinder
r =h, . Since the equilibrium equations in the gradient theory have an increased order of differential equations
compared to the classical theory, we will set additional boundary conditions and conjugation conditions. As
additional conditions, we assume: 1) equality to zero of couple stresses on the side surfaces of the cylinder; 2)
continuity of displacement gradients and couple stresses on the mating surface of the cylinder and the coating
r =h, [13]. To simplify the calculations, we will assume that the gradient parameter is the same for the coating

and the cylinder, i.e. |, =1,=1. Thus, the formulation of the boundary value problem of thermoelastic
deformation of a coated cylinder takes the form:

s _r ® -0, relab], (12)
dZT 1dT (Trr T )
— |2 ro,- mo_ 99 13
T =t {dr2 T r? J 13)
d’z,_ 1dr (z’ —rrr)
1d dT
FE(rk(r)E):O' refab], (15)
(] (2)
TO(@)=0, TUMb)=T, TUM)=TMh). k(h)T—(h)-k()T—(). @9
9 (a)=0, t@(b)=0, (17)
pP(a)=0, p?(b)=0, (18)
o) @ du® du® B @ 0] )
uW(h)=u?(h),  S(h)=S(h), @(h)=tI(h).  AP(h)=p7(h). @9
Let us state dimensionless problem (12)—(19) by the formulas:
r u o o) T
§=—, U=_r, er: rr, Q _ﬂ, Srr: rr, S = ‘/N/’,
b b Hy T Hy R
m m,. m, _ _ P T =k - A
I\/Irrr: rrr, M r = £ ' Mr = W/}’ tr:_r' Pr = - ' W:_’ k:_’ 2’:_!
J78y b " b Hy J78y T ko Hy
A=+,
Ho
;7=l, Rozﬁ, /30—7°—T°, a:l, a=—, ko=maxk(r), u=maxu(r), y,=maxy(r).
7o b Mo b refa,b] refa,b] refa,b]

In dimensionless form, the problem (12)—(19) will be as follows:
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err QVF_QW’_ Y
iz ; =0, ¢&efal], (20)
Q, =S, —a dzszuids"—z(s" _ZS‘”‘”) , (21)
dg® & d¢ ¢
O =S _g? dZSW_'_ldSW_Z(SW—S”)J, (22)
P (24 d§2 g dl’ 52
d( -, .dw _
@(gk (é)EJZO, §e[a,l], (23)
@ 0]
WO @)=0. WIL=1, WIR)WIR).  K(R) G (R)=k(R)T(R). @4
t¥@)=0, t?(1=0, (25)
50 (a)=0, 52 (1)=0, (26)
@ 2
UIR)=UT(R), G (R)=T(R). T (R)=TIR). A R)=ATR). @D
In this case, the dimensionless Cauchy stresses will be written as
72z)8Y 7Y (Fr2maz
s,,_(mzy)EmE—ﬂmN, S“"”_(/1+2ﬂ)§+/1d§ BIW . (28)

4. Problem solution

Let us start solving the problem of uncoupled thermoelasticity (20)-(27) by finding the radial temperature
distribution in the cylinder and in the coating. It follows from the solution of the heat conduction problem in
the classical formulation (23), (24) and has the form:

w(&)=C 1, (&), WP (&)=C,f,(&)+C,. (29)
¢ d ¢ d L 1 (R
here fl(f)_lnl?l?n)’ fZ(f)_R{n@?n)’ Q== f,(Ry)+ f, (1) ©” f,(Ry)+ f,(2)

After determining the temperature, we proceed to finding the displacements and stresses, which, according
to [8], can be represented as the sum of the solution of the thermoelasticity problem in the classical formulation

and additional gradient terms: U =U .. +U ;.

Assuming « =0 in (20)—(27), we arrive at the classical statement of the problem, which in the case of an
inhomogeneous coating material can only be solved numerically. Let us use the shooting method [23] for this.
After some transformations, we obtain a canonical system of two inhomogeneous ordinary differential
equations of the 1st order with respect to radial displacements U . and radial stresses Q. :

clas clas *

Uc'las == L _chas s 4 Uclas +—L_ﬂow ) (30)
A +20 (Z+20)& A +2[
_ - _ _
(yclaszl —l __1 chas+i2 Z—FZIL_’_—A—_ Uclas+1 —A __1 ﬁOWv (31)
E\A+2u & A+2u E\A+2u
and boundary conditions:
Qe (@)=0, Q4 (1)=0. (32)
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According to the shooting method, the solution of the boundary value problem (30)—(32) described by the
inhomogeneous system of ordinary differential equations can be represented as the sum of the solution of the

inhomogeneous Cauchy problem (30), (31) with zero initial conditions on the inner surface: Uél)(é)zo,
0 (a)=0, and solutions homogeneous Cauchy problem (30), (31) with non-zero initial conditions on the
inner surface: U{Y (a) =1, O (a)=0, multiplied by the coefficient p:

Qs (£) = (£)+PA(S)s U () =Us (£)+ PUL($)- (33)

When calculating pairs (U, (£),Q,(£)), (U,(£),24(£)) in the case of functions F (&) that do not have
discontinuities of the 1st kind, we use the standard procedures of the Runge—Kutta method of the 4th-5th order
of accuracy. We determine the unknown constant p from the initial condition on the outer side surface of the
cylinder: Q. (1)=0,(1)+ p,(1)=0.

If the functions F (&) have a discontinuity of the 1st kind on the surface &=R;, we solve the Cauchy
problems on the interval [a,R,], then we set the solutions found at the point & =R, as initial conditions for

additional Cauchy problems, which we then solve on the half-interval [R;;1).

Having a solution to the problem of thermoelasticity in the classical formulation, we proceed to finding
additional gradient terms for a small value of the parameter « based on the asymptotic WKB method [23]. To
do this, we first compose an equilibrium equation in displacements by substituting into (20) the expressions
for the total stresses (21), (22), which include the Cauchy stresses (28). Let us consider a homogeneous
equation of equilibrium in displacements, which will represent a 4th order equation with variable coefficients
and a small parameter at the highest derivative. According to [24], the WKB solution will be sought in the
form:

U s (§)=D(£)e”)". (34)
Let us expand the functions D(&) and g (&) by the parameter o :

D(&)=D,(&)+ D, (&)a +D,(&)a’ + Dy (E)a’ +..,

(35)
9()=0,(&)+ 0. (&)a’ +9,(S)a” + 95 (§)a’ +....

Let us substitute (34) into the equilibrium equation (20) taking into account expressions (35). Grouping the

terms at the same degrees «, we obtain a sequence of problems, solving which we will find

1 .

Dy (&) == — and two values g, (&) in the form: g,(&)=¢ and g,(&)=—¢. Then the
RNCIGEEONE ’ ’ ’

expressions for the gradient part of the displacements of the cylinder and the coating, due to the linearity of
the problem, can be represented by the parameter as a linear combination of two WKB solutions:

1

A(&)+2m (&)

1

% (£)+2m,(£))\E

(B +B,e”").

U (§)=( (Be T +Be), U (g’):(

(36)

In formula (36), the constants B,, B,, B,, B, are found by satisfying the boundary conditions (26), (27)
for couple stresses and radial displacement gradients. Expressions M, =ca’S! are made, where
S, = +Q The gradient additive for radial stresses is determined by the formula:

clas grad *

Qg = (I + Zﬁ)Uérad + ZUgrad /§ , and the expression (31) is used to find Q... With now known constants,

grad — clas

we can further find the radial displacements and radial Cauchy stresses, couple and total stresses.
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5. Calculation results

Let us consider the results of calculating the distribution along the coordinate £ of dimensionless
temperatures, displacements, strains, Cauchy stresses, couple and total stresses in a cylinder with a heat-
shielding coating. In all calculations it is accepted: a=0,6; R,=0,9; £,=0,4; 4, =1 =7 =k =1.

On the example of a homogeneous coating, humerical verification of the proposed solution scheme was
carried out. In this case, it was assumed in the calculations that the thermomechanical characteristics of the
coating material are as follows: 4, =2; &, =15; 7, =1; k, =0,1. Analytical expressions for displacements
in the case of a homogeneous coating, according to [15], were represented as:

= e
U“)(5):Glg+§+Lﬂojnw<”(n)dn+Gsll(§j+G4Kl(5j,
(24

¢ (h+em)E's a @
e g oo £ )
U@ (&)=G,¢+ : +(Z2+2ﬁ2)§ﬂ0£077w (7)dn +G, 1, = +G,K, =),

where 1, (&/ar), K, (&/a) are modified Bessel functions of

the 1st and 2nd kind of the first order. In formula (37), the
integration constants G, ..., G, were determined by satisfying
the boundary conditions (25)—(27).

Figure 1 shows graphs showing the dependence of the radial
displacement on the inner boundary of the cylinder on the
parameter 0 <« <0,1. In this case, for comparison, the exact
solution found by formulas (37) and the approximate solution
using the shooting method and asymptotic formula (36) are
shown. The maximum difference between the calculated
displacement and the exact one was 10% at «=0,1. For
smaller values «, the solutions are closer to each other: for
example, for & =0,01 and they differ by 0.07%. It is found that

0,014

0,0135

0,013

0,0125

0 0,02 0,04 006 008 «a

Fig. 1. Dependence of the radial

displacement on the inner boundary
of the cylinder on the gradient
parameter « ; exact (solid line) and
approximate (dashed line).

the proposed numerical scheme for solving the problem for
a < 0,03 gives an error in displacements and stresses that does
not exceed 1%.

The following shows the distribution of the temperature
(Fig. 2a) and displacement (Fig. 2b). For comparison, the

solutions of the problem for displacement are given in the classical formulation for « =0 and in the gradient

formulation for « =0,03.
o
0,81
0,6
0,41

0,21

0

0.6 0,7 0.8 0.9

g

0,022

0,02

0,0181

0,0164

0,6 0,7 0,8 0,9 &

Fig. 2. Distribution along the radial coordinate & of temperature (a) and displacement (b); exact
solution at & =0 (solid line) and gradient solution at & =0,03 (dashed line).
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8,1 IE 0 0.8 0,9 3 |£|
' 0
0,03
0,0002]
0,02
0,04 0,0004
0,6 07 08 0.9 £ 0,0006/
0,01
0,0008]
0,02 "

Fig. 3. Distribution along the radial coordinate £ of the Cauchy radial stress (a) and couple stress
M, (b)at «=0,03.

Figure 3 contains the distribution of the Cauchy radial stress S, (Fig. 3a) and couple stress M, (Fig. 3b)
at the value of the scale parameter & =0,03. Figure 3a shows that the Cauchy radial stresses at the mating
boundary suffer a discontinuity, which is due both to the difference in the thermomechanical characteristics of
the cylinder and the coating, and with the continuity of displacements and their derivatives at the interface of
dissimilar materials. It follows from Figure 3b that the couple stresses at low values M, of the gradient
parameter are ten times less than the Cauchy stresses. They peak at the mating surface.

Figure 4 shows the distribution of total stresses: radial (Fig. 4a) and circumferential (Fig. 4b), depending on
the radial coordinate. In this case, the solid line shows the solution of the problem based on the classical
formulation, the dashed line shows the solution of the problem in the gradient formulation at «=0,03.
According to Figures 2 and 4, it can be concluded that with an increase in the scale parameter, the values of
displacement and total circumferential stresses decrease, and the total radial stresses suffer a discontinuity.

Q, ~- Q,
’ Lo 2., N PP
s S \ @ 0,051 IE
Vs e \
/ < 3
/ \ S
7 i
0,006 7 \
Y/ i 0
¥ 1
I/ i
/ \
0,004 :
i \ 0,051
1
4 \
] X
0,0024
{ i -0, 1
J, t
0 ‘ ; ; ‘
0,6 0,7 0,8 0,9 £ -0,15-

Fig. 4. Distribution along the radial coordinate & of total stresses: radial stress (a) and

circumferential stress (b); exact solution at «=0 (solid line) and approximate solution at
o =0.03 (dashed line).

In the second series of calculations, it was assumed that the cylinder coating is made of an inhomogeneous
material with an inhomogeneity law that ensures a continuous change in thermomechanical characteristics

when passing through the mating surface in the form: @(§)=1+(10§—9)N (&) =1+ O,5(1O§—9)N,
7,(£)=1, k,(£)=1-0,9(10& -9)", N=1,2,... .

Let us show the results of calculation of displacements, deformations and stresses with the inhomogeneity
index N =1. Figure 5 shows the radial distributions of displacements (Fig. 5a) and total circumferential stress
(Fig. 5b). It follows from the figure that, in the case of an inhomogeneous coating, in contrast to the case of a
homogeneous coating, the total circumferential stresses do not undergo discontinuity, but change continuously,

while an increase in the gradient parameter, just as in the case of a uniform coating, leads to a decrease in
displacements and circumferential stresses.
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Figure 6 shows the radial distribution of deformations dU/d& in the “cylinder-coating” system for a

homogeneous and inhomogeneous ( N =1) coating. It can be seen from the figure that at & =0, in the case of
a homogeneous coating, the deformations are discontinuous, while in the case of an inhomogeneous coating,
they are continuous. In the gradient formulation, the deformations are continuous for both types of coverage.

0,038
0,036
0,034
0,032

0,034
0,028

0,026

0,024

0,8

0.9

o [b]

0,05

Fig. 5. Distribution along the radial coordinate £ of displacement (a) and total circumferential
stress (b); exact solution at & =0 (solid line) and approximate solution at « =0,03 (dashed line).

du B @
dg dg
0,06 0,06
0,04
0,041
0,02+
0,021
0
0 1
0 0,7 0,8 0,9
og” 0, , , g

Fig. 6. Distribution along the radial coordinate & of deformations dU/d& in the cases of
homogeneous (a) and inhomogeneous (b) coating; exact solution at =0 (solid line) and

approximate solution at « =0,03 (dashed line).

g / Q,
v yar
0,014
0,044
0,008+
0,035+
0,006
0,031 0,004
0,002
0,025+
‘ o H . . ;
0,6 0,7 0,8 0,9 g 0,6 0,7 0.8 0,9 &

Fig. 7. Distribution along the radial coordinate & of the displacement (a) and the total radial stress
(b) at & =0,03 and different values of the inhomogeneity parameter N : 1 (solid line) and 2 (dashed
line).
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In addition, the influence of various heterogeneity laws, characterized by the parameter N , on the distribution of
displacements and stresses was studied. Figure 7 shows graphs of the radial distribution of displacements and total
radial stresses at & = 0,03 and different values of the parameter N . It follows from the figure that the law of
inhomogeneity has a strong influence on the distribution of displacements and stresses.

6. Conclusions

The problem of gradient thermoelasticity for a cylinder with a thermal protective coating is studied.
Displacements and stresses are presented as the sum of solutions of the classical thermoelastic problem and
gradient terms. The problem of thermoelasticity in the classical formulation is solved by the shooting method.
The gradient terms are obtained using the asymptotic WKB method. The difference from each other in the
distributions of displacements and stresses along the radial coordinate, calculated according to the classical
theory and found using the gradient theory of thermoelasticity, is shown. It was found that an increase in the
value of the gradient parameter reduces the values of radial displacements and total stresses. The couple
stresses at small values of the gradient parameter are much less than the total stresses. The Cauchy stress jump
in the vicinity of the interface of dissimilar materials is explained by the continuity of displacements and their
gradients. The influence of the inhomogeneity parameter in the power law, which models the
thermomechanical characteristics of an inhomogeneous coating, on the distributions of displacements and total
stresses along the radial coordinate is studied.

Taking into consideration the influence of the gradient parameter in the analysis of the stress-strain state of
a coated hollow cylinder is of great practical importance in calculating the strength and assessing the loss of
stability of a thermal protective coating. The developed approach can be applied to find an approximate
analytical solution to the problem of gradient thermoelasticity for a finite cylinder.
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