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An important property of constitutive models is the stability of the response change histories obtained
under various perturbations of an input data (history of influences and initial conditions) and a model
operator. It is associated with the stochastic nature of material properties at different structural-scale
levels and thermomechanical influences. Stability analysis is especially significant to justify the
applicability of new constitutive models for describing modern technological processes, for instance,
those focused on the design of novel functional materials. Multilevel physically-oriented constitutive
models of materials hold the most promise for solving such problems. They are able to provide an explicit
description of the inelastic deformation mechanisms, the material structure rebuilding and the changes in
the physical and mechanical properties of the material determined by its state. The approach developed by
the authors and described in detail in the paper in the previous issue of the journal made it possible to
evaluate the stability of multilevel constitutive material models under various perturbations of the initial
conditions, the history of influences, and parametric operator perturbations. It includes the analysis of the
norms of their deviations and the integral norm of deviation of perturbed solutions from the basic ones
obtained in calculations with unperturbed parameters. In this paper, the application of the proposed
approach has been illustrated by studying the two-level constitutive model of the FCC polycrystal. The
obtained results demonstrate the stability of this model to the calculated perturbations.
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1. Introduction

In recent decades, a multilevel approach to the construction of constitutive models (CMs) for
metals and alloys, based on the introduction of internal variables (I\V) and physical theories of
plasticity, has been intensively developed [1-7]. These models give the possibility to explicitly
describe the material structure evolution and changes in the physical and mechanical
macroproperties (including anisotropic) of materials, as well as the mechanisms responsible for
deformation of these materials. Therefore, they are frequently used to investigate and improve the
metal processing and forming techniques, as well as to solve the problems aimed at developing new
functional materials.

In multilevel models [8, 9], memory characteristics of inelastically deformed solids are taken
into account by introducing 1Vs. Besides, the application of 1Vs that characterize the current state of
the structure and implementation of any deformation mechanisms at different structural-scale level
[5, 10, 11] makes it possible to avoid the use of sophisticated integral operators with properties
similar to material memory characteristics (the memory is stored in the values of IVs). So, the
multilevel CMs of this type are, in the general case, the algorithmic operator equations, involving
systems of differential and/or tensor-algebraic equations [5, 10, 11-16]. When the structure
evolution, main deformation mechanisms and interactions between these mechanisms are properly
described, the models (and submodels introduced to characterize changes in individual structural
elements and specific deformation mechanisms) demonstrate significant versatility, which provides
a wide range of their applications. Since many mechanisms in deformable solids are realized and
interact at various structural-scale levels, the versatility of CMs, in particular, their efficiency under
various loading conditions, including complex loading, can be achieved by introducing a large
number of 1Vs and kinetic (as a rule, nonlinear) equations.

An arbitrary mathematical model can be represented as an operator that allows to find the output
data (solution) by employing the input data that contains, in the general case, time-varying
influences on the object of research and initial conditions [17]. An essential attribute of the analysis

Email addresses for correspondence: shveykin@pstu.ru

© The Author(s), 2021. Published by Institute of Continuous Media Mechanics.
This is an Open Access article, distributed under the terms of the Creative Commons Attribution-NonCommercial 4.0 (CC BY-NC 4.0),
which permits unrestricted re-use, distribution, and reproduction in any medium, provided the original work is properly cited.



A.l. Shveykin et al. Computational Continuum Mechanics. 2021. Vol. 14. No. 2. pp. 127-143 DOI: 10.7242/1999-6691/2021.14.2.11

of complex models involves examining the stability of the solutions obtained using these models in
relation to input and operator perturbations. The relevance of these manipulations for CMs is due to
the fact that both material properties (distributed over the construction at different structural-scale
levels)and influences (distributed over the examined area and its boundaries) produced by stochastic
boundary conditions are of stochastic nature.

The analysis of stability is often associated with the need for assessment of the sensitivity of the
CM response to the parameters that characterize the physical and mechanical properties of the
material [18-22]. It is expedient for the CM identification procedure [23-26]: if there is high
sensitivity to material parameters (weakly perturbed at the values established during the
identification procedure), then the domain of their definition seems to be revised with regard to
physical considerations. The results of the analysis of sensitivity of the multilevel CM response to
the perturbations of some parameters, in particular, the values of constants used in kinetic equations
and the initial values of internal variables, previously obtained by the authors, are discussed in [27].
Note that the analysis of sensitivity can be considered a special case of the analyzing the stability of
the model under parametric perturbations of the CM operator [28].

In [28], describing an approach to the numerical assessment of the stability of multilevel
constitutive models of inelastic behavior of metals and alloys, the analysis of the mathematical
structure of multilevel CMs, represented as a system of ordinary differential and algebraic equations
with an algebraic definition of the right-hand part, is considered. It was shown that, although the
Lyapunov’s methods are successfully applied for solving different partial stability analysis
problems (e.g., in [34-37]), there are seemingly insurmountable difficulties associated with high
nonlinearity and dimensionality of systems equations in applying these methods to multilevel CMs.
The authors of [28] formulated a generalized definition of stability of the solution which, unlike the
traditional one, takes into account perturbations of history of influences and the parametric
perturbations of operator; a program of computational experiments to implement the proposed
approach is also presented, which includes the assignment of various perturbations of the initial
conditions, history of influences and operator and the calculation of the norms of deviation of the
perturbed solutions from the base ones. The procedure for assessing the stability of the model is
understood as the analysis of the stability of solutions for different values of the parameters
(determined in multiple subsets of the domain of their definition) that specify the operator and input
data (initial conditions and influences), i.e., consideration of some problems of assessment of the
local stability of the model. If the unstable solution (mathematically induced instability) is
established, then it is necessary to clarify whether the mathematically induced instability is
physically induced [28].

In this paper, the application of the proposed approach is demonstrated by the case of studying a
two-level constitutive model for describing the deformation of a FCC polycrystal. Section 2
contains the correlations for the constitutive model. Section 3 describes a program for the numerical
implementation of the approach step by step and analyzes the results obtained.

2. Two-level constitutive model of the FCC polycrystal

In two-level statistical models based on theories of crystal plasticity, a sample of crystallites, the
deformation of which is assumed to be homogeneous, is associated with a representative volume of
a polycrystalline material at the macrolevel [5, 38-40]. At present, statistical models are mainly
used for modeling of technological processes of thermomechanical treatment due to the fact that
self-consistent [4, 41] and direct models, implying the determination of inhomogeneous fields at the
meso-level [2,3], are much more resource-intensive.

The system of equations at a macroscale level can be written as (hereinafter, the macroscale
quantities are denoted by capital letters, and similar quantities of a meso-level, i.e., a crystallite
level, by the same lower-case letters; to shorten the notation, the crystallite index is omitted)

K™ =dK/dt-Q K+K-Q=T:(L-Q-Z"), 1 (1)
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The constitutive equation (1); is expressed in terms of the current configuration; K is the

weighted Kirchhoff stress tensor at the macrolevel; K = <[;/p> X, where < . > stands for averaging

over a representative macro volume, X is the Cauchy stress tensor at the macro level; p/{) is the
density ratio in the initial and current configurations for the crystallites included in the

representative macro level volume (according to the Taylor hypothesis, p/ﬁ ratios are equal in all

crystallites); K* =dK/dt—Q-K+K-Q is the corotational rate of change of the weighted
Kirchhoff stress tensor, which is independent of choice of reference frame; the kinematic influence

is set by the velocity gradient at the macro level, L = \AVAR
During the procedure of averaging over the representative macrovolume (the average by the

sample of crystallites), the moving coordinate system spin tensor Q (relation (1)) and the elastic
property tensor II (relation (1)s) are transferred from the mesolevel model to the macrolevel. The

inelastic strain rate tensor Z™ is determined in terms of the meso-level model via matching the
macro level and meso-level constitutive relation [42] (to ensure the equality of macrostresses and

averaged mesostresses: K = <K>); a’ is the deviation of the tensor characteristic a for an individual
crystallite from the mean (for the representative macrovolume) value; a’=a—<a> (the averaging

operation has the property (a’) =0 for each a).

The structure of the model (1) reflects the capabilities of multilevel models for considering
macrolevel parameters as effective quantities that integrally characterize the deformation processes
realized at the mesolevel. In particular, the issue of determining the corotational derivative is
resolved which is important in constructing models for describing technological processes with
large velocity gradients (geometric nonlinearity) [43-49]. For this purpose, it is essential to get
information on the moving coordinate systems of individual crystallites, which are connected with
the symmetry elements of crystallites [5]. Note that a change in the material symmetry at the
macrolevel due to texture formation does not require constitutive model refinement. In [50-52], the
application of the proposed approach to formulating geometrically nonlinear relations was justified.
It was shown that, at small elastic deformations characteristic of metals and alloys, the model gives
results close to those obtained in alternative mesoscale models, including the most popular form of
constitutive relations in terms of the unloaded configuration (see [2, 4, 53], etc.). Meanwhile, the
rate-type CMs in the actual configuration are more adapted to numerical methods for solving
boundary value problems used to study thermomechanical processes; the configuration of the
computational domain, including the contact surfaces with the tool, needs to be redefined. Another
advantage of this formulation is the possibility of an additive decomposition of the inelastic strain
rate into contributions of various mechanisms, which greatly facilitates the development of the
corresponding CMs. Examples of the constitutive models proposed by the authors of this work for
studying, in particular, grain boundary sliding effects are given in [5, 54, 55].

For each crystallite, we use the meso-level system of equations (to shorten the writing of
formulas, the crystallite index is omitted) [5]

K
K =dk/dt+x-® - @ K =ﬁ:(l—€)—zy(")b(k)n(k)], L
k=1
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In (2), K=(B/ﬁ)6 is the weighted Kirchhoff stress tensor at the meso-level, where ¢ is the

Cauchy stress tensor at the meso-level; ® is the spin of a moving coordinate system related to the
lattice [50]; m is the elastic property tensor (its components are constant in the moving coordinate

system); 1 =Vv" is the velocity gradient (according to the Taylor hypothesis, 1=Vv' =VVT =L,
where VVT is taken at the macro level); 7, b®, n® are the shear rates, unit vectors of slip

direction and slip plane normal (in the actual configuration) of edge dislocations for the slip system
k; K is the number of crystallographic slip systems (a doubled number of slip systems K =24 is
used for FCC lattice). The dot above the symbol denotes the time derivative of the corresponding

. K
quantity. The inelastic strain rate tensor is defined at the meso-level as z" =) 7*b®n®.
k=1

The values 7% on the slip systems are calculated using the viscoplastic relationship (2),, where
% 11 are, respectively, shear and critical shear stresses for the slip system k ; 7, is the shear rate
for the slip system k when the shear stress reaches its critical value; m is the strain rate sensitivity
exponent; H (-) is the Heaviside function.

The formulation of the hardening law — kinetic equations (24) for critical shear stresses ) — has

been the subject of many studies devoted to the development of theories of crystal plasticity (the
approaches proposed in [56-59] are the most popular ones; a comprehensive review of papers
published on this theme in recent decades is given in [5]). Such interest is explained by the fact that it
is precisely these ™ (internal variables) that characterize the resistance of the lattice and defect

structure to dislocation motion. Therefore, the change of these variables must be associated with a
change in the defect structure. Since in this article we propose to focus on the procedure for assessing
the stability of the model, then a fairly simple and well-known hardening law of the form [53, 60] is
used in the calculations, which can be written as

(k

-/, ©

sat

K
€0 =30 (@), 1 <[, +{1-0,)6" 10, 10 =,
1=1

where the latent hardening parameter g,,, and its value is taken as 1.0 for coplanar slip systems and

as 1.4 for noncoplanar slip systems (with numbers k and 1), 8*” is the Kronecker delta, t_, is the

so-called saturation stress [53, 60], and the parameters h,, a are determined from the experimental

data.

The movable coordinate system is assocoated with the crystallographic axes [5]. In this case, the
tensors included in the CM formulation will be indifferent for the observer in a fixed laboratory
coordinate system, which makes it possible to follow the principle of independence of the
constitutive relation of choice of reference frame to be fulfilled [8]. To calculate the spin (2s), we
use the following equation [50]:
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— (kg 17K, KoK+ (g 17Ky YRk + (K 10K, ok, (4)

where Kk, is the orthonormal basis of the moving coordinate system, the orientation of which
relative to the fixed laboratory system is defined by the proper orthogonal tensor o,

K
1°=1-> 7“b®n® s the elastic component of the velocity gradient. In deriving (4), we have
k=1
taken into account the invariance of the lattice (and, hence, of the moving coordinate system) under
plastic deformation due to the motion of edge dislocations along the slip systems [50].

In the numerical calculations we considered a representative volume of a polycrystal with a face-
centered cubic lattice (hereinafter referred to as an FCC polycrystal) using a statistical model. The
volume included a sample of 343 crystallites, the initial orientations of which were distributed
randomly according to a uniform law. The nominal properties of the polycrystal corresponded to
those of copper. The meso-level elastic property tensor contained the following independent
components (constant for the observer in a rigid moving coordinate system linked with the lattice):

m,,, =168,4 GPa, m,,,, =121,4 GPa, m,,,, =75,4 GPa [61]; the viscoplastic relationship included
7, =0,001 ¢*, 1/m=0,012; the hardening law parameters were h, =180 MPa, a=2,25,
1., =148 MPa, and the initial values of critical stresses for all slip systems were t®(0)=1, =16
MPa (k =1, ..., K) [53, 60].

The CM given above was represented as a system of algebraic and ordinary differential
equations. Due to the significant nonlinearity of the system of equations, in particular, the presence
of the Heaviside function in the viscoplastic law (2), (which led to the necessity of discretization
with a small time step to trace the activity of slip systems in crystallites; in the calculations, the time
step was 0.002 s), these equations were integrated using an explicit Euler method.

Figure 1 shows the dependences of the components (-X,;) and (-Z,;)in the orthonormal

laboratory coordinate system (LCS) with a basis p, (where i =1,3) of the Cauchy stress tensor at

the macrolevel on the logarithmic strain component (—H,;) under uniaxial compression and on the

shear value under simple shear, respectively. Note that, although the parameters used in the
calculations were determined during their identification in compression phase [60], the results of
changes in shear stresses at simple shear (used for verification) were found to be in good agreement
with the experimental data.
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Fig.1. Dependence of (-X,;) on H,, under uniaxial compression (a) and dependence of (—X,;) on shear
value under simple shear (b); dots are the experimental data from [60], and solid line are the results
obtained using the proposed model.

The paper [27] presents the results illustrating the application of the proposed CM for describing
simple and complex loading modes and the estimates of its sensitivity to the perturbations of some
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characteristics: viscoplastic law parameters y,, m; hardening law parameters h,, a, t,; initial

sat ’
values of critical stresses for all slip systems t,. The data obtained indicate the stability of CMs

with respect to changes in these parameters. The parameters were ranked according to their degree
of sensitivity; it was found that the deviation of the parameter t_, has the greatest effect on the

output data.
On the basis of the approach to the analysis of stability proposed in [28], it can be concluded that

the study of the influence of perturbations of the initial values of critical stresses t_, refers to the

case of initial conditions perturbations due to IVs, and the study of the perturbations of the
remaining parameters — to parametric perturbations of operator. Below, we present a step-by-step
description of the implementation of computations in accordance with the approach under
discussion. For this purpose, we consider the CM described and evaluate a wider set of perturbed
parameters.

3. The results of application of the technique for studying the stability in relation to
perturbations of influences and parametric perturbations of operator

In the framework of the notion system from [28],
~ the vector of influence X={L;(t)} (i,j=13), te[0,T] is defined in terms of L, (t)—
components of the velocity gradient tensor in LCS;
— the output data Y ={Eij (t)} (i, j :ﬁ) t e[0,T]is defined in terms of Z; (t) — components

of the macrolevel Cauchy stress tensor in LCS;
— the vector of internal variables Z is defined as composed of the previously introduced (for each grain
of the sample) mesostress components, components of the orientation tensor of a crystallographic
coordinate system, shears on the slip systems and critical stresses associated with their activation (no
information is provided on the perturbations of IV initial values because of the limited size of this paper;
some data can be found in [27]).

Numerical implementation of the approach to studying the stability of CMs under specified loads
includes the following steps [28]:

STEP 1. Definition of base solutions

Base solutions are the solutions without any parameter perturbations. They were compared with
the solutions obtained in various implementations under random perturbations of some parameters
(according to the prescribed program of numerical experiments, see STEP 3); other parameters were
not perturbed.

As base solutions, the solutions obtained for the representative volume under the following
isothermal rigid loading modes were considered:

1) Kinematic loading with the velocity gradient L(t)=(&/2)(p.p,+P,P,)—&pPsp;. The base
solutions determined using CMs for some perturbations are given in Fig.4. Note that, in [60] this
loading was applied to a statistic CM as an approximation of uniaxial compression (for the sake of
shortness, we call it “quasi-compression”).

2) Simple shear L(t)=—-£p,p,.

In both rigid loading modes, £=0,001 s, and the deformation develops in the time interval
0<t<T,where T=1000 s.

STEP 2. Setting the influence and operator perturbations

The paper [27] presents the results of a study of the sensitivity of the response to changes in the
numerical values of some characteristics of the operator (the viscoplastic law parameters and
hardening law parameters) and in the initial conditions (the initial values of critical shear stresses in
slip systems). The data obtained indicate the response resistance to the corresponding perturbations.
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Further, it seems reasonable to analyze the response stability with respect to the perturbation of
influences, as well as to another type of the parametric perturbations of the operator.

STEP 2.1. Perturbation of influences

The possibility of the appearance of kinematic disturbances for a representative volume is due to
the fact that during the manufacture of products (or during the experiments), the influences
(determined by the boundary conditions of the structure), are not always known with sufficient
accuracy. The following perturbed influences are considered:
— for quasi-compression

L, *(t) :(%t)j(plpl +P,P, )~ e (t) PsPs _(05 (t)_é) P2P3 5 )

— for shear

Lz*(t)=(¢](plpl+pzpz)—(a(t)—é) PsP; — (1) P,Ps. (6)

Coincidence of the perturbed influence with the base one corresponds to a(t)zé. The function
a(t) that specifies the current “perturbed” strain rate was set in such a way as to provide the
“sawtooth” (with random duration and burst height) changes in the components L*(t) relative to
the components L(t). The duration of the bursts produced alternatively “up” and “down” (c

a(t)>¢ and a(t)<é& , respectively) was determined randomly by using a uniform distribution
law in the interval from 0 to 10 sec and approximated to a value corresponding to as many steps as
necessary for the time integration of the CM. The peak value o, Was (1+@ 5, ,,, )¢ for the odd

bursts and (1— s

L_max

)g'for the even bursts, where @ is the random value of a uniform

distribution for the segment [0,1], &, ., is the range of relative variability of the parameter for the

current computational experiment. At the beginning time of burst t no perturbations occured:

start !

(g, )=£. The current value o was taken so that it could change linearly and reach «,,, in the
middle of the burst and return lineraly to « = ¢ at the end of the burst.

3 -1 _
Lyx10°,s IZl L%x10%, 571
1 2 [b]
0, 0 ‘.";w'-a‘ﬁ.‘!:.h'. ﬂ:'..‘r’d.~.\ﬂ...% oy Ll. ‘.\I"«Mvw‘-‘.w' TRTTo A '-‘.““” I y'|‘;ﬂﬁql‘.*!
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600 0 t
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1 2 3 1 ——Ls 2 — L'33=-2L"1j=-2L"n

Fig.2. Changes of the nontrivial components L*(t) in the randomly selected implementations of computational
experiments under the perturbations of influences for quasi-compression (a) and for simple shear (b);

1)

L_max

=0,05.
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Figure 2 presents the changes in the components of the tensor L*(t)in the LCS obtained

according to (5) and (6) for some implementations of the computational experiments at
0, =0,05.

L _max

STEP2.2. Operator perturbation

For the parametric perturbation of the operator, the deviations of the critical shear stresses on slip
systems at different times after the initial one were specified. The relevance of this study is due to
the fact that some physical processes are stochastic in nature, e.g., the interactions between defect
structures at microscale levels, which were taken into account in an effective way in CMs in terms
of critical shear stresses forf individual crystallites at the meso-scale (a review of approaches to the
formulation of hardening relations is provided in [5]). The practical application of the definition of
stability introduced in [28] leads to the problem of calculating the deviation norm of an operator.
Due to significant nonlinearity and high dimensionality of the CM, this norm cannot be found
analytically, and there are no methods for its numerical calculation; if such a method exists, then its
implementation would present a difficulty to researchers because of huge resource intensity.

In the numerical procedure for estimating stability, we used a norm for the perturbed parameters
of operator HAIE[O’T] o If only critical stresses are disturbed, then we get S =NK, where N is the

number of grains, K is the number of crystallographic slip systems (as shown above, N =343,
K =24), and the norm takes the form [28]:

1/2

= U;<(z'c ®)°) dt] , ™

where <(rc(t))z> is the squared critical shear stress averaged over all K slip systems in all N

HAte[O,T]

crystallites from the sample for the corresponding representative volume. The norm of deviation of

operator parameters is defined as
T y2
o U<(r *(t)-7, (t))2> dtJ , (8)
2 0

where <(rc*(t)—rc(t))2> is the squared deviation of the critical stresses in the current

*

A te[0,T] —A

te[O,T]

implementation (averaged over all K slip systems in all N crystallites) from those obtained in the
base solution. Transition to (8) for characterizing operator deviations suggests sufficient smoothness
of the nonlinear operator of the CM in the vicinity of the solution under study.

The critical stress perturbation was realized in such a way as to provide a “sawtooth” change in

the critical stresses in the current implementation (z,*(t)) with respect to (z,(t)), i.e., a change
with random duration and burst height. The duration of bursts produced alternatively “up” and

“down” was determined randomly by using a uniform distribution law in the interval from 0 to 10
sec. The peak deviation of mean critical stresses, which must be achieved at the burst during the

perturbed and nonperturbed calculations, was specified as g =<rc (tyart )>605T_max, where
<rc (tyan )> are the average stresses in the base solution at the starting time of burst t ., @ is the

random value from the uniform law of distribution over the segment [0,1], &

7_max

is the range of

relative variability of the parameter from the computational experiment. No perturbation was
observed at the instant of time t_,,, .

In the implementation of odd bursts at all steps of the CM integration, the critical stresses for all
slip systems of all crystallites (after the CM integration procedure at the time step) increased further
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with the same factor so that the deviation of the average critical stresses in the “perturbed”
calculation from the values in the basic calculation increased linearly and reached a peak in the
middle of the burst. After the peak, the uniform compression of the yield surface was carried out
until the average critical stresses in the perturbed solution were equalized with the values obtained
in the basic calculation. For even bursts, the compression and subsequent tension of the yield
surface were set in a similar way.

(x.}.MPa Generally speaking, the stress and yield surface
oy parameters cannot be considered as independent
100 s . -
PN parameters in plasticity models. For example, when
80 — ot the size of the yield polyhedron (there are stresses in
the stress space on the polyhedron surface) reduces,
A it is necessary to correspondingly reduce stresses
T — (the “return mapping” technique often used in
/ numerical procedures for solving plasticity
problems); an increase in the size of the vyield
polyhedron under isothermal conditions occurs due
i to the increase in stresses. Therefore, due to critical
""""" (w) —— (=) stress perturbations (expansion or contraction of the
Fig.3. Change in the mean critical stresses in yield surfa(_:e of a crystallite), mesostresses _also
the base calculation with perturbations phange_, which guarar_mtees_that tht_e state (elastic or
(randomly selected implementation) at simple inelastic) of the material will remain unchanged.
shear, 5. ., =0,05. For illustration, Figure 3 presents the calculated
- curves showing the change in the process of
deformation of the critical stresses for the mean
critical stresses obtained in the basic calculation and in the calculation with perturbations. Note that
the character of the deviation of the mean critical stresses (Fig. 3) is more complicated than that of
the impact parameters (Fig. 2). This can be explained by the fact that the critical stresses are the 1Vs
of the problem, and the magnitude of this deviation from the basic solution is determined not only
by the prescribed perturbation law, but also depends on the values of the perturbed IV established at
the time of perturbation, according to the relations of the CM itself.

STEP 3 Schedule of numerical experiments
For implementing the model under basic loads (STEP 1), the above-described perturbations of
influences and operator (STEP 2) were realized at different ranges of relative variability of the

parameters &, .., 9, .., according to the calculation schedule given in Table 1.
Table 1. Schedule of computational expriments.

Ne Type of experiment Ne Type of experiment
Quasi-compression with perturbation . .

1 4 Shear with perturbation L (t)

L(t)

Quasi-compression with perturbation . .

2 7 (t) 5 Shear with perturbation 7, (t)
Quasi-compression with perturbation Shear with perturbation and L(t) ,and

3 and L(t),and 7,(t) 6 7. (1)

STEP 4 Implementation of computational experiments
For each type of the computational experiments (Table 1), 3 series of 50 calculations were
carried out with random realization of perturbations in each, and every series referred to certain
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0,

7_max *

ranges of relative variability of the parameters &, The results of the calculations with

max ?
perturbations are denoted by the symbol “*’. Figures 4, 5 present examples that illustrate some of
the results of separate computational experiments. Table 2 contains the statistical information

obtained after processing a set of results from all implementations.

Figure 4 gives the time curves of largest modulus components of the macrostress tensor
constructed using the results of the basic calculations and calculations with perturbations
(implementation is taken randomly).

X .MPa X .MPa
L@
|y
106 o T
2
/ -50
0
200 400 600 800 4
—100 —-100
-200 /3 —~150 ‘%640 660 680 ¢
WW 0 200 400 600 800 1
1 Ip 2__In" 3 Iz 4 sy 1 Ty 2 I3 Yip 4 Eayy"

Fig.4. Time variation of the components of the macrostress tensor in the second-type computational
experiments with 6, =0, 6, ., =0,05 (critical stress perturbations at quasi-compression) (a) and in the

forth-type expriments with &,

max

=0,05, 6, ., =0 (pertrurabations of kinematic influences at shear) (b).

max

It can be seen from Figure 4 that the perturbed solution is close to the basic one for the
perturbations under consideration. In addition, it should be noted that the pole figures obtained in
the basic solutions and in the solutions with perturbations are visually almost the same. When
critical stresses are perturbed in accordance with the accepted variation law, the changes in all
components of the macrostress tensor are significant (Fig. 4a). It is interesting that in the
calculations with kinematic influence perturbation (deformation trajectories), the values of the
dominant component of the stress tensor are close to the values obtained in the basic calculation
(Figure 4b shows that the deviations practically coincide). This can be associated with the
description of the mesostress evolution in the CM: with the adopted exponent m=283,3 in the

viscoplastic law under active loading, the mesostresses (deviator) are near the surface of the yield
polyhedron, which is determined by the Schmid criterion [5, 62]. For the perturbations under study,
the deformation trajectory remains close to the baseline, and therefore the stress in the stress space
for crystallites tends to move in the direction corresponding to an increase in the dominant stress
component. At the initial stage, the stresses are located near the faces of the crystallite yield surface
(i.e.,, a convex polyhedron [5]) and the maximum of this stress deviator component is in
correspondence with it. During subsequent loading, the yield surface transforms: it expands in the
direction of an increase in the dominant component of the stress deviator together with the
displacement of the stress in the stress space. Since the values of the maximum accumulated
deformation for the dominant component, corresponding to the basic and perturbed options, are
close, so the changes in the yield surfaces in this direction for the base and perturbed modes will
differ only slightly, which will result in the proximity of the obtained values of the dominant
component. At the same time, the face of the yield surface with the maximum value of the dominant
stress deviator component can be practically normal to the direction in which the stresses increase,
and the perturbations of kinematic influences will manifest themselves in the movement of the
stress along this face of the yield surface.
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Figure 5 shows typical time dependences of the mesostress tensor components for an individual
crystallite, which were plotted based on the same calculated data as those from Fig. 4b. Note that,
for the nondominant stress components, the deviations at the macrolevel are smaller due to the
averaging of mesostresses over a sufficiently large number (343) of crystallites.

We have calculated the values of the norms [28] :

— deviations of the history of influences Hx*te[O,T] -X, o]l , the norm is defined by Riemann integral
T m y2
the[oﬂ UZ J in the space Q;',(, ;; of the piecewise continuous vector functions
Q& o i=l
fg{’\wa of the dimension m at t [0, T [63], in the
777777777777777777 calculation performed here m=9 (number
50 e o of the components L );
Ao JVW%W e, —deviations of the operator parameter
200 400 600 800 N according to (8);
50 el | —deviations of the solutions
oo T HY*te[O,T]_Y o the norm is also
\ defined by Riemann integral, but in the
e — space CJ, of the continuous vector
200 . functions of the dimension nat t<[0,T];
EETIAS ). NN | - G33 —— 033" _.... G1] —— G117 ) A
Fig.5. Time variation of the components of the in the calculations n=9 (the number of
crystallite mesostress tensor during implementation the macrostress tensor components X).
No.1 in the forth-type expriment with &, =0,05. We note that, in the general case of the

analysis of different types of influences,
operator parameters, Vs and response, it is necessary to introduce the vectors ( X, A, Z, Y ) with

subsequent nondimensionalization of the components into characteristic values. In the case under
study, due to the uniformity of the components of these vectors, the necessity to do this is absent.

According to the definition formulated in [28], the base solution will be stable if, for any £>0,
there are such (defined in the corresponding normalized spaces) neighborhoods of the initial
conditions, influences, and operator parameters that (while finding the corresponding perturbed
characteristics) the solutions established in terms of the model will be located in the ¢-
neighborhood of the basic solution.

The stability of the model can be assessed by checking the stability of solutions for different
values of the parameters (taken from different subsets of the domain of definition) used to specify
the operator and input data (initial conditions and influences) [28]. This article does not present the
results of a study of perturbations of the initial conditions. Our previous paper [27] contains the
results which confirm the stability of CMs to the perturbations of initial the conditions.

STEP 5. Analysis of the fulfilment of requirements referring to the definition of stability for each
basic solution on the set of calculated data

. . B Hx*te[O,T] _Xte[O,T] Qr 06.
Table 2 contains relative estimates for the norms = =Ay,
‘Xte[O,T] o
* *
HA te[0,T] _Ate[O,T] o5 90 HY te0.T] Yt€[0le cr, 06 ) ) )
~=A, and “—=A,, which were found in different
‘Ate[O,T] 0 ‘YIE[O,T] c

implementations of the computational experiments. For short, these are called relative norms. For
the numerical expriments No 3 and No 6, we assumed that o, . =0 and therefore, to denote

_max 7_max !
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the range of their relative variability, further we introduce the same notion, ¢ , further for all
parameters. For each ¢ (6 =0,01 0,03; 0,05), 50 points are plotted on all curves (150 points in
all); every point corresponds to the implementation of one computational experiment for which

X'iqor)r Aiqoryr Y qor) @re defined to calculate the above mentioned norms. Note that, in the

CM, the evolution of 1Vs is shown for 343 grains; some particular results are given in Figures 4 and
5.

Strictly speaking, the norm of deviation of the parameters of operator (8) under the perturbations
of influences is not an estimate of the norm of deviation of the operator [28]. In this case, the
nonperturbed and perturbed critical stresses are investigated for different input data (with different
histories of influences). However, it seems necessary to consider joint perturbations in the analysis
of stability; the norm (8) can be interpreted literally as an integral assessment of the deviations of
the history of changes in the Vs obtained by the CM. If the smaller A, are in the correspondence

with the smaller A, , then this can be regarded as indirect evidence of the stability of the solution

with respect to the investigated perturbations of operator.

The results shown in Table 2 can be represented as the dependences of the relative deviation of
the response on the relative deviation of the history of influences and the relative deviation of
operator. For illustration, the corresponding data obtained in the series of experiments No. 6 are
given in Fig.6.

Based on the results of the calculations, we can suggest that the CM has a noticeable sensitivity
to the perturbations of both kinematic influences and critical stresses, which requires careful
consideration of the issues related to describing geometric nonlinearity and formulating hardening
laws (Kinetic equations for critical stresses). Note that the joint perturbation of parameters leads
(according to the average estimate) to a greater deviation of the response.

Table 2. Numerical estimates for relative norms at different parameters of the relative perturbation ¢ (mathematical
expectation and standard deviation of relative norms).

AX AA AY
1st type experiments: quasi-compression with perturbation L(t)
Ay Ay
2 - 0,025 .
0020 ! 0,020 _ :
0.015 ' 0,015 ' :
0.010 0010} . ! !
0.005 i 0,005 ' : L
T TR T Ty ignored 0000 0T 003 005
5,27-1 | 1,59-1 | 2,63-1 8,36:1 | 1,09-1 | 1,15-1
M 0° 0 0° M 0° 0 0
1,17-1 | 4,081 | 5,48-1 2,531 | 3,22:1 | 3,8:10
s| o* 0 0 s| o® 0° 3
2d type experiments: quasi-compression with perturbation z, (t)
Ax Ay
0.015 | 0020 i [
: 0.015 §
0.010 | 0,010 |
0005} 0,005} |
0 0000501 003 005 OO T 005 0.0s
3,43-1 | 1,051 | 1,721 3,44:1 | 1,29-1 | 1,86-1
M 0° 0 0°? M 0° 0 0
1,57-1 | 5,66:1 | 6,141 1531 | 1,721 | 8,48-1
s| o* 0* 0* s| o* 0°® 0*

3d type experiments: quasi-compression with perturbation and L(t), and 7, (t)
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Ay An Ay
00251 ' 0.020 ‘ 0.025 : :
0.020 0.015 0.020 ! |
0,015 ' 0.010 | 0.015 ; i
o0 o00s| | oo0s|
0,000 0 0.000 0,000
0.01 0.03 0.05 0.01 0.03 0.05 0.01 0.03 0.05
5281 | 1,581 | 2,62-1 4,011 | 1,10-1 | 1,77-1 9,04-1 | 1,12-1 | 2,07-1
M 0° 0? 0 M 0° 0? 0? M 0° 0? 0?
1,42-1 | 3,671 | 4,781 4,021 | 5,22-1 | 8,04-1 3,6:10 | 2,73-1 | 1,951
s| o* 0* 0 s| o* 0 0* s| 0° 0°
4th type experiments: shear with perturbation L (t)
Ay Ay
0,030 ! 0.04
8=8%g . 0,03 :
Gt |
0.005 00 )
00005 or 005 o005 He paccmarpusaiocs %001 o003 005
6,43-1 | 1,931 | 3,22'1 6,56-1 | 1,61-1 | 2,27-1
M 0° 0 0° M 0° 0? 0
1,6-10 | 4,47-1 | 6,13-1 1,9-10 | 4,961 | 5,43-1
s| 0o | o* s| ° 0® | 0o°
5th type experiments: shear with perturbation z,(t)
Ay Ay
0015 | 0,015 i
0,010 I 0.010 i
0.005 \ 0,005 ,
0 0000 T 603 005 0000 T 005 005
3,191 | 9,6-10 | 1,56°1 3,19-1 | 9,96-1 | 1,57'1
M 0° 3 0°? M 0° 0°® 0
1,581 | 4,7-10 | 8,181 1551 | 4,611 | 7,881
s| o* N 0* s| o* 0 0
6th type experiments: shear with perturbation and L(t), and 7 (t)
Ay Ap Ay
000 | | o o
oo - . ]
8862 0,005 . 0.01 i
0.000 & 0,000 0,00
0.01 0.03 0.05 001 003 0,05 0.01 0.03 0.05
6,391 | 1,931 | 3,231 3,29-1 | 9,541 | 1,621 6,310 | 1,821 | 2,941
M 0° 0 0 M 0° 0?3 0?2 M 0?2 0?2
1,681 | 4,4-10 | 6,051 1,89-1 8,98-1 1,39-1 | 3,89-1 | 4,871
s| o* | 4 | o* |[ls] 0* |410*| 0o* ||ls] 0* | 0o® | o°
Ay [a] Ay [b]
0.04 g 0,04
0,03 0.03
0,02 0.02 i
0,01 001} £
0 x 0 = Ap
0 0,01 002 . 0 0,01 0,02

Fig.6. Change of A, in relation to A, (a) and A, (b), determined in the series of experiment No 6; solid
lines show the ranges of the results obtained; as the norms of deviation of influences and operator parameters
decrease, the norm of deviation of the response from that obtained during the base calculation also decreases.
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The analysis of the stability of the basic solutions led to the conclusion that for small
perturbations there occur small deviations of the solutions and this, according to the criterion [28],
indicates the stability of the model. When the parameter perturbation range decreases, the values of
all relative norms (influences, operator and response) also decrease. In other words, with a decrease
in the norm of deviations of influences and a decrease in the norm of operator perturbations, the
norm of deviations of the response also decreases, which provides evidence to the stability of the
CM with respect to the perturbations under consideration.

In should be noted that, for individual crystallites, the deviations of mesostresses (IVs in the CM)
can exceed the mean values for the representative volume and can increase with time under loading
conditions (Fig. 5). This is due to the different motion of the stress in the stress space (generated by
the perturbation) on the yield surface; the surface subjected to anisotropic hardening is also
transformed in a different way. However, the deviations of macrostresses observed in this case are
much smaller due to averaging over a large number of crystallites (Fig.4b).

It would seem necessary, in this respect, to pay attention to the effects caused by the CM
structure and the type of applied kinematic influences. The difference in the relative norm of
deviation of the mean critical stresses in the experiments of the second and third types (Table 2) is
associated with the change of these stresses (indicated above) due to the perturbations of influences.
The stress in the stress space (SSS) move on the yield surface, and the implementation of quasi-
compression requires that they move between the high-order yield surface vertices (provided that
the Schmid criterion is fulfilled on the sixth or eighth systems [64, 65]). After the SSS reaches the
adjacent vertex, large perturbations are required to return it to the initial point (that is the reason
why, at the given level of perturbations, the return is rarely realized). The same effect explains the
decrease in the dispersion of the response deviation data and the separation of the points (at some
values of o) into clusters in experiments of the second and third types. At shear, the tendency of
the SSSs to high-order vertices is not necessary. For example, at a certain orientation of the
crystallite, the shear can be realized due to the motion of dislocations in only one active slip system,
when the SSS is on the face of the yield surface. In this situation, at relatively small perturbations,
the SSS can easily go to the edges and/or vertices of the yield surface and then return to the initial
position. For this reason, in Table 2, there are no significant differences in the deviation of the mean
critical stresses in the experiments of the fifth and sixth types.

STEP 6. Analysis of unstable solutions (if they have been established)

In the series of the calculations carried out in this study, the instability of solutions has not been
revealed. This is largely because of the uniformity of the distribution of crystallite orientations (the
initial plastic properties at the macrolevel are close to isotropic); there are no pronounced edges on
the relative yield surface at the macrolevel. At the same time, the analysis of the results from Table
2 has revealed the presence of some points with significantly larger values of the relative norms of
response deviations in comparison with the average values obtained in the same experiment. This is
due to the fact that, under the prescribed perturbations of influences and model operator, a
significant change in the response associated with a change in the motion of the SSSs on the yield
surface was observed for a larger number of crystallites.

4. Conclusion

Due to the stochastic character of the properties of the material (including those at the lowest
scale levels) and the influences produced by the boundary conditions, the analysis of the stability of
solutions (the history of changes in responses) with respect to the perturbations of input data and the
perturbations of operator obtained using constitutive material models is of great relevance .

In this connection, the approach previously developed by the authors [28] was applied to
investigate the stability of constitutive models. The study included the analysis of different
perturbations of the initial conditions, the history of influences and the operator, as well as the
determination of the norms of deviation of the corresponding solutions from the baseicones.

140




A.l. Shveykin et al. Computational Continuum Mechanics. 2021. Vol. 14. No. 2. pp. 127-143 DOI: 10.7242/1999-6691/2021.14.2.11

The results obtained for the two-level model of the polycrystalline FCC metal demonstrated the
stability of this model and its applicability for describing technological processes of
thermomechanical treatment.

This work was supported by the Russian Science Foundation (grant No. 17-19-01292).
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