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We considered the problem of unsteady direct bending of an isotropic homogeneous elastodiffusive cantilevered
Euler-Bernoulli beam. For the mathematical formulation of the problem, we use the closed system of equations of
transverse unsteady beam vibrations with inner diffusion. The formulation is based on the model of elastic diffusion
using the d'Alember variational principle. It is assumed that the deflections of the beam are small and the hypothesis
of flat sections is fulfilled. The Euler—Bernoulli hypothesis is valid for section rotations. A solution to the problem is
sought using the method of equivalent boundary conditions, which allows a transition from the initial formulation
with arbitrary boundary conditions to the problem of the same type and with the same domain geometry. First, an
auxiliary problem is solved using the integral Laplace transform in time and trigonometric Fourier series. Then, some
relations connecting the boundary conditions right-hand sides of the original and auxiliary problems are constructed.
These relations are the Volterra integral equations of the first kind. For solving this system, quadrature formulas of an
average rectangle are used. Finally, the solution of the original problem is represented in the form of the convolution
of the Green's functions for the auxiliary problem with the functions determined by solving the system of the Volterra
integral equations. The interaction between unsteady mechanical and diffusion fields is analyzed using an isotropic
beam as an example. Graphs showing the dependence of the displacement fields and concentration increments on
time and coordinates are given. Analysis of the results obtained led to conclusion that the coupling action of
mechanical and diffusion fields affects the stress-strain state and mass transfer in a beam.
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1. Introduction

The effects of the different physical fields interaction are manifested in the form of
mechanodiffusion, thermomechanodiffusion, electrodiffusion, magnetodiffusion, and others. These
interactions have been well studied experimentally and are widely used in technology and industry.
Various formulations and methods for solving the problems of mechanodiffusion with possible
allowance for other physical fields have been actively considered in recent decades in the works of
both Russian and foreign authors [1-4]. This indicates the relevance of research in this area.

On the other hand, it should be noted that most of the publications are related to modeling
stationary and unsteady processes in canonical form bodies, in a layer or half-space. At the same
time, real bodies have a finite size. hence the problems of mechanodiffusion in beams, plates, and
shells, being the main elements of real structures and devices, are of great practical interest.

Relatively few publications are devoted to this topic, among which the work [5] can be noted. It
evaluates the influence of diffusion processes on the bearing capacity of a shallow transversely
isotropic shell. The contact interaction of a rod with an elastic half-space is discussed in articles [6,
7]. Publications [8-10] are devoted to the study of elastic diffusion processes in plates. The
calculation of spherical shells with diffusion are considered in [11].

In the listed works, mechanodiffusion processes are stationary. Stationary processes are useful in
the study of the steady-state operating conditions of various mechanical systems. It is necessary to
use non-stationary models for the analysis of short-term and impulse effects. In publications [12—
14] the authors modeled the mechanical and diffusion fields interaction caused by unsteady bending
of simply supported beams and plates.

As is known, the boundary conditions significantly affect the approach to solving the initial-
boundary value problem and the complexity of its implementation. For example, the conditions of a
simply support make it possible to construct a solution in the series form by eigenfunctions of the
corresponding elastic-diffusion operator. As for a cantilevered beam, which is considered in this
paper, it is not possible to obtain such eigenfunctions. In this regard, the method of equivalent
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boundary conditions is applied. The essence of the method lies in the transition from the original
problem to an auxiliary problem for the same research subject, but with boundary conditions that
allow to represent the solution in the form of Fourier series. Further, relations are derived that
connect the right-hand sides of the boundary conditions for the same parameters of both problems.
They have the form of Volterra integral equations of the 1st kind. The system of these equations is
solved numerically using quadrature formulas.

2. Formulation of the problem

The paper considers the unsteady elastic diffusion bending problem of a cantilevered
homogeneous isotropic Bernoulli — Euler beam, a force being applied to the free end (Fig. 1).
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Fig. 1. lllustrations for the problem formulation: diagram of the applied forces (a) and the orientation of the
coordinate axes in the cross-section of the beam (b).

The linear model of elastic diffusion in a continuum is used to describe the beam bending general
case in a rectangular Cartesian coordinate system. If the deformable medium is homogeneous, the

. 0o (@)
equations have the form [15-18]: (i =a;‘”+ F, 7%= —a;'
X, X

J i

Y9 (i,j=13, q=1N), (1)

where the dots denote the time derivative; o; and J(@ are the components of the stress tensor and
the diffusion flux vector:
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All quantities in (1) and (2) are dimensionless:
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where the beam length | and the tension-compression wave velocity in a continuum C are used as
characteristic scales. Also accepted designations: t is time; x  are rectangular Cartesian
coordinates; u; are displacement vector components; 7 =n@ —n{ is the concentration increment
of g-th component in the multicomponent continuum; n{® and n'® is the initial and current
concentrations (mass fractions) of g-th component; Cj, are components of the elastic constant
tensor; p is the medium density; ai’;(q) are coefficients characterizing the medium volumetric
changes due to diffusion; Di}‘(“) are the self-diffusion coefficients; R is the universal gas constant;

T, is initial temperature; m'® is the molar mass of q -th component; F° are density of body forces;
Y@ are density of bulk sources of mass transfer.
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Equations (1) and (2) include N independent components describing the process of deformation
of a multicomponent medium consisting of N +1-th substance. In this case, the increase or decrease
in the mass fraction N +1-th is expressed through the increment in the fractions of the remaining N
components of the medium:

Nl ~
+ 277

g=1

which ensures the fulfillment of the mass conservation law:

N+1

77 =

=1

o

The initial and boundary conditions for the independent components of the equations in general
form are written as:

Ul _o=Uior Ui, =Vier 77 :0:77<(Jq) (i’j:l’_3’ q:]"_N)’ )
u; nu:Ui' Ojj J‘ =R (T>0)’ oG =11, UIl,, (5)
—N@ ( R C)) 1N -

Here oG is area boundary G; n, are components of the outer normal unit vector to aG' Uig s Vig s
n\¥ are given functions of spatial coordinates. Further we assume that u, =0, v, =0, 5\ =0. The
quantities on the right-hand sides of the boundary conditions (5) are surface kinematic (U,, N¥)

and dynamic (P, 1Y) perturbations.

To construct the beam bending equations, the following actions are taken:
— we pass to the variational formulation of problem (1), (2), (4), (5). According to the d'Alembert
variational principle, these relations can be written as the following variational equation:

j( —%— JaudmzN:j[ +—)—Y }5n(q)dG+£_[(aijnj—Pi)éuid8+

G i 9=1G

+§:H( )n577 ds =0, (6)

a=111,

where su, are virtual displacement, 57\ are virtual concentrations increments;
— the following assumptions are made:
1) The problem solution domain is cylinder G = Dx[0,1], where D - area occupied by the beam
cross-section. T'=6D =y, (X, ) Uy, (%;) is the section boundary (Fig. 1).
2) The axis Ox, is the central axis of the cross-section. In this case,
I X,dx,dx, =0. @)
D

3) The surface of the beam is represented as IT=II,UIl, UIl,, where TII, is the surface
corresponding x, =0, I1, is the surface corresponding x, =1, I1, is the lateral surface. It is assumed
that the side surface is free from mechanical loads, i.e.

o.n. —O. (8)

i
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We also assume that there is no mass transfer through the side surface:

—0, (9)

4) The beam material is a homogeneous isotropic continuum:

Cijkl :ﬂ’é‘ijé‘kl +ﬂ(5ik5j| +§ilé‘jk)’ Ofigq) :é‘ijaq’ Digq) zé‘ij in ukl 5 oy Ag (10)
where 4 and x are Lame coefficients, &
formulas (3), 1 +2u=1.

5) From the standpoint of the mass transfer process, the beam material is perfect solid solution.
In this case [15-18]:

is the Kronecker symbol. In this case, taking into account

g =5, DWg™ _p®-sD,. (11)

ar ]

6) The beam bending is considered in plane Oxx,. Then u, =u,(x,%,,7) (k=12) and u, =0,
=0 (i=13). Mass transfer occurs also in this plane: 7% =% (x,,x,,7).

7) Transverse deflections are considered small. The cross-sections after deformation remain
normal to the neutral line of the beam (the plane-sections hypothesis). Then the sought quantities
U (%, %,7), Uy(%,%,7) and 7'9(x,x,z) linearized with respect to the variable x, can be
represented as [12-14]:

U (X%, 7) =U (X, 7))+ X (X, 7) Uy (X0 %00 T) =V (X0, 7) + X0 (X0, 7)),

((‘)(xl,xz,r):Nq(xl,r)+x2Hq(xl,r). (12)

8) Due to the accepted Bernoulli — Euler hypothesis, the cross sections after deformation remain
normal to the curved axis of the beam. In addition, when the lateral surface is free from loads, it can
be assumed that deformations along the axis Ox, are absent due to their smallness. Then [12, 14]

(the prime denotes the derivative with respect to the variable x,)

ou !
gzz=a—xz=v/=0:t//=0, 2(% 7)==V (x.7),
2

and equalities (12) are written as:

U (X%, 7) =U (X, 7) =XV (X, 7). Uy (X, %, 7) =V(X,7),

13
@ (%, %,7) = Ny (%,7) + %H, (%, 7). (13)

Taking into account (10), (11), and (13), the components of the stress tensor and the diffusion
flux vector will have the form:

N N
(U= x,V") Zaq(Nq+x2Hq), Oy =AU =XV") Zaq(Nq+x2Hq), o, =0,
-1 g1 (14)
IV =Dy (Ng +,H] )+ A (u"=xyv"), I =-DH -AV" (q=1N).
As a result, substituting equalities (7) - (14) into (6), we obtain the equations of elastic-diffusion
vibrations of the beam [12]:

43




A.V. Zemskov et al. Computational Continuum Mechanics. 2021. Vol. 14. No. 1. pp. 40-50  DOI: 10.7242/1999-6691/2021.14.1.4

— longitudinal
. y(q)
u” Za N, +— Ny =D, Ny =AU+ (15)
— transverse
oy N . q+m : , pARL J
i —av=v'V+Zl:ajHj—qF , quDqu+Aqv'V+J—, F3=a. (16)
= 3

In (15), (16), the notation is used: F is the cross-sectional area; J, are the moment of inertia of the
beam section about the axis Ox,; n is the linearly distributed axial load, m is the linearly

distributed moment q is the linearly distributed transverse load; y® and z\ is the linear density of
bulk mass transfer sources.

We supplement the obtained equations (15), (16) with boundary conditions, which are also
obtained from the variational equation (6). In accordance with the formulation of the original
problem, the elastic diffusion mathematical model of the cantilevered beam bending under the
action of a concentrated load at the free end includes equations (16) at m=0, q=0, z¥ =0 and the
following boundary conditions:

=0, =0,

v| =0, |
x=1

=0, (D,H;+AN")

x=0 q

v

x=0

N
o [Vuza,“; j
=1

(18)
=, (7).

x=1

x=1
Initial conditions will be assumed to be zero.
3. Method of solution

The main difficulty lies in the impossibility of constructing a solution to the above problem in
the form of trigonometric Fourier series. This significantly complicates the inversion of the Laplace
transform, which is also used to solve the problem. To overcome this problem, the method of
equivalent boundary conditions is used [17, 18]. The method consists in performing the following
series of steps.

First, instead of the original problem, we consider an auxiliary problem (16) with the boundary
conditions:

!

v

=0, V| ="3(2),

X=0 - fq*+2,1(7), (DqH[; +Aqvm)

N
= fz*l(r), (V’”+ZajHJf —\'/"J
=it

x=0

(DH; +A V")

N
m ’ H
Lv +leajHj —vj
j=

=0 (19)

=1y (T)’

x=1

x=0

where functions f;(z), f;,.(z), fu(z) are to be determined. Taking into account (19), the
solution takes the form [12]:
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T

. . (20)
7 (%,7) = [ Gyaao (%7 1) 31 (t) =Gqap (1= %,7 =) f (1) ]t = [ Gy (1=, 7 1) Fi (t) lt +

N 7
Jrz.[emp+2 (x,7—t) ., (t)dt,

p=lo
where G,, are surface Green's functions of problem (16), (19). They are solutions to the following
problems:

.. - N
G, —aGu =G}/ +ZaJGJ"+1k, GJ+1k DRCH +AqG1'lY; (21)
=
.. N ..
(Gl'z +za1 j+lk ~ ij :52k5(7)a Glrk|xl=0 :é‘lké(r)7 (G{K +ZajG;+l,k _Glrkj =0,
% =0 = X =1 (22)

Gil, =0 (DG +AGH) 0 =%20(2). (DG +AGE)

=0.
1

To find the Green's functions, the Laplace transform in time and the expansion in trigonometric
Fourier series are used. After applying the indicated actions to problem (21), (22), a system of linear
algebraic equations is obtained (subscript L means Laplace transform, 2. =zn, n=0,1,2,...):

K (24,,5)Gy (4,,5) fzfzjefflk )=F(4) Keua(A8)GELy (A0rS) = AA Gyl (AyrS) = Fpi (A )
GLC OS S Lc i L
G (X,9) ZG (4,,5)C0S A, X, Gmk(/1n,s)=2J'Gmk(x,s)cos/lnxdx,

kl(,ln,s)z(,1n2+a)s + 4 Kya(4,5)=s+DA?

q7n?

Flk (ﬂ’n ) = _Zﬂ’nzglk + 252k ) Flk (O) = 52k ) F

q+1,k (ﬂ“n ) = 2ﬂ’n Aqélk - 25q+1,k ' q+1 k (0) q+1 k*
The solution of this system is found by Cramer's formulas and has the form:

S

¢ Ogra,
G (0:5) =22 Gpay(0:5) =%,
P (ﬂ ,S) P (j, ,5)

GLC l , — 1k n , GLC i _ q+1,2 n ' 23

1k( n S) P(ﬂn,s) q+12( S) Qq(/ln,s) ( )
2A A2 P A -25 P )

Gt;fll(;tn's): o+ q+1,1( n,S), G(:_il p+2(2’ S): r 4+ q+1'p+2( n1S),
kq+l(ﬂnvs) Qq (ﬂn,S) kq+1(/1n’s) Qq (ﬂn,S)

where
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P(4,,8)= kl(/ln,s)l‘[(/ln,s)—ﬂfiajAjHj (4:8),  Qy(4,8)=Ky1(4,5)P(4,,9),

n

N
P.(4,,8)==242|T1(4,,8)+ A2 D a;AT1
j=1

P.(4,8)=211(4,,8), P.2(4,8) =20, AT (4,,8),  Pric(4,8)=AA Py (45),

N

zlﬁ[kqﬂ(ln’s)' Hq(/ln’s)z_H SPIESE

j= j=1j=q

Since the obtained solutions (23) are rational functions of the Laplace transform parameter s,
their originals are found using residues and tables of operational calculus [19]:

N+2
Ou T

Glck(oir): a G:+1k(0’7):_5q+2,kH(7)’ Glck ZAi
G:ﬂk(ﬂ’n'z-):Z(A /1 6 §q+2k) e +ZAq+lk T' (24)
. P (4,:5;) P (AS)
(kJ) ﬂ’n = J ' (|+)1k ﬂ’n = ok e '
Al ( ) P,(/lnisj) Al . ( ) Q(;(An’sl)

Here: H(z) is the Heaviside step function; s;(4,) (j=1, N +2) are the zeroes of polynomial

P(4,.8); sy.s(4,)=—D,A; are the additional zero of the polynomial Q,(4,.s); the prime denotes

the derivative with respect to the parameter s.

Further, relations are constructed connecting the boundary conditions right-hand sides of original
problem and auxiliary problem. The solution to the auxiliary problem (16), (19) must satisfy the
boundary conditions of the original problem for the cantilevered beam (18). Then, taking into
account representations (20), the relation expressions can be written in a system of Volterra integral
equations of the 1st kind [17, 18]:

N+2

jau (r-t)y,(t)dt=¢ (), (25)

j=1
where (the prime denotes the derivative with respect to the spatial variable x)

aﬂ(f):Glz(O,f), a12(7):_611(117)’ aip+2( ):Gl p+2(0 T)

aZI(T)=Gl”z(l,r)+ZajGj+1'2(1,T), a, (7)=-G/(0,7) ZaJGJﬂl (0,7),

2 017)’ A2, (T) = _Gq+1,1 117)’ Ag42,p42 ( )
f

" :
12 (T)1 yp+2( ) p+21(
(

7 =J.Gq+112(1,7—t) f,, (t)dt,

(CHP (0’7)1
).

¢ (7)=[| GL(0t-7) ZaJGMZ (0,7—t) |f,, (t)dt.
0
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It should be noted that in accordance with formulas (23), (24) the Fourier series in the
representations for G, converge only in a generalized sense. This complicates the application of
numerical algorithms to solve the system (25). To overcome this difficulty, let us integrate the
integrals in (25) by parts. We obtain the system of equations for the derivative oy, /07 :

N,.Zj’*i(f“ﬁyiT(t)dh@i(r), ()= ()~ A (7)%,(0) (26)
A (r)zj‘aij (t)dt, Aﬁj(f_t)szaij(?)dég- (27)

In this case, the functions y,(0) should satisfy certain relations. Based on the condition of initial

and boundary conditions conjugation at the space-time domain corner points of the considered
problems, and also taking into account the zero initial conditions, we will further assume that

y;(0)=0.

The system of equations (26) is solved numerically using quadrature formulas. For this, the
region of time variation z [0,T] is divided with a uniform step h=T/N_ into N, segments and grid
functions are introduced y) =dy(,)/or, A)=A;(r,) at points z, =mh (m=0,N,}. Each of the

integrals in (26) at r=z, is replaced by an approximate sum corresponding to the midpoint
rectangles formula:

[ oy, (t i i\ i T Ai ' R NG
jAJ (T_t)%dt ~hSp 2 DAL Yn e Snwe =D An w2 Yiue (l, J=LN+ 2)’
-1

0
Ty +7n 1 1 —
Ty = 12 :h(m_E)- fm|+1/2:fm_7|1/2:h(m_|+5j (m:]-!Nr)-

As a result, we get a recurrent sequence of systems of linear algebraic equations (m=>1):

AY 12 =B 12

where y, ., =(y,‘nf]jz)(w)x1 is the column of unknowns, and the remaining value are determined as

follows:

ij i i CDi (T ) N+2 i
A= (A}z )(N+2)><(N+2) ' bry2 = (bm—1/2 )(N+2)><1 ' br_y2 = h - ; Spyz-

Its solution is found by the Cramer's formulas:

4 Al
Y112 zfm’
where A=detA, A} are the Cramer determinants for matrices that are obtained from matrix A by
replacing the j-th column with a column b, ,,,.

The final form of the solution to the original problem is found by numerically calculating the
convolutions of the Green's functions of auxiliary problems (21), (22) with functions determined
from the solution of the system of equations (26). Thus, equations (20) can be written as:
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G0 fult) wwl,
& t 22 t < 12 t
n (X,Z’)Z {G . (X,r—t) 2 -G,, (1 X,r—t) -G, (1 X,r—t) dt +
q E[ q+1,2 ot q+1,2 ot q+1,1 ot
PR fo(t
[ Cap (x7-1) ";( )dt,
0 p=1
Gmk(x,r):ijk(x,t)dt
0
\\'.I(()): .,.,...- 3 .
| ~ N e
] o \\'\
0,51 S N A - 4. Example
1 \ \\ To study the interaction of unsteady fields
~101 \, T (mechanical and diffusion), a cantilevered beam
‘.\ \\ with a length of I=1cm with a rectangular
_is] ~ NI section hxb=0,051x0,05I, made of a 2-
] 5 = component material with 95% aluminum and 5%
1 \ copper, is considered. Copper acts as an
%01 ‘.\ independent component [20]. For the calculation,
\ the following material parameters were set (1",
=251 = u' are dimensional analogs of the Lame
1 N .. . . .
: = == = e - coefficients; superscript 1 indicates copper
= : " ’ characteristics):
Fig. 2. Beam deflections Vv(x,z) at different A" =6,93-10°N/m?, 4" =2,56-10° N/m?,

points in time 7 : 3,3 (solid line); 5 (dotted line);

! _ T,=800K, p=2780kg/m* 1=0,01m,
6,6 (dashed line); 10 (dash-dotted line).

D, =6,67-10 " m%sec, n® =0,05,

o, =6,14-10" J/kg, m® =0,064 kg/mol
The transverse load applied to the end of the beam (x=1) was set in the form:

f,, (1) =H (z’)

Numerical solution of system (26) and substitution of the found functions into convolutions (28)
results in beam deflections. The graphical solution is shown in Figure 2.

Figure 3 shows how the concentration distributions of copper (Fig.3a) and aluminum (Fig.3b)
change as a result of unsteady bending of a cantilevered beam.
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Fig. 3. Linear density of copper (a) and aluminum (b) concentration increment at different points in time 7
: 3,3-10" (solid line); 5-10" (dotted line); 6,6 -10 (dashed line); 10" (dash-dotted line).

5. Conclusion

Thus, an unsteady bending model of a cantilevered Bernoulli—Euler beam with elastic diffusion
effects is constructed. An algorithm is proposed that allows one to express the solution of a problem
with arbitrary boundary conditions in terms of a known solution to a problem of the same type and
with the same domain geometry.

The capabilities of the model and the algorithm are demonstrated by the example of calculating
the bending of a two-component beam. It is shown that the unsteady bending of the cantilevered
beam initiates diffusion fluxes of each of the components (Fig. 3). Considering the fact that at
N,(x.,7)=0 the concentration increments are determined by formulas (13), the following

conclusion can be drawn. During deformation in the lower part of the beam (in accordance with Fig.
1), the increase in copper concentration has a negative value, and in the upper part, it is positive.
The result is an upward diffusion flux of copper, which is compensated by a downward flux of
aluminum particles. In this case, the magnitude of the diffusion flux increases from the pinching of
the beam to the end free from the load.

A certain drawback of the proposed algorithm is that the constructed system of Volterra
equations connecting the right-hand sides of the boundary conditions of the original and auxiliary
problems has to be solved numerically. A stable result when determining displacements can be
obtained only for relatively short periods of time (7 <10, Fig. 2). An increase in the duration of the
interval leads to the need to use a larger number of partitions, which complicates the
implementation of the proposed algorithm. At the same time, it should be noted that the results
shown in Figure 2 correspond to the classical concepts of the cantilevered beams bending [21].

In contrast, due to the rather slow flux of diffusion in solids, it is possible to calculate the
increments in the concentrations of a multicomponent medium at sufficiently long time intervals (
7 ~10% +10") with a relatively small number of partition points.

In the numerical solution of the system of Volterra equations, in both cases, the partition N_=40

points were used. A further increase in their number no longer led to a visible change in the results.
This work was supported by the Russian Science Foundation (project No 20-19-00217).
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