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Numerical experiments have been performed to study the onset and nonlinear regimes of convection of a ternary 

mixture of methane (35%), ethane (35%), and butane (30%) in a horizontally elongated rectangular region of a 

porous medium under the action of a geothermal gradient. The region has rigid, impermeable boundaries and is 

divided into two horizontal layers with equal porosity but different permeability and having the heights in ratio 1:3. 

The values of medium porosity and permeability are chosen close to those of real media, such as sands, sandstones or 

limestones. The components of the mixture belong to the main groups of chemical compounds present in oil and gas 

fields. The configuration under study is a model of hydrocarbon field. The calculations are carried out for the cases 

when the value of permeability of the upper layer is higher than that of the lower one and, conversely, when the lower 

layer is more permeable than the upper one. The rest of the parameters of the porous medium are considered to be the 

same in the entire computational domain. The problem is solved within the framework of the Darcy–Boussinesq 

model taking into account the effect of thermal diffusion. The temporal evolution of the local characteristics of the 

flow, the structure of the forming flow, and the distribution of the mixture components is evaluated. Analysis of the 

data shows that in the case of a more permeable narrow layer, the onset of convection has a local character. The flow 

arises in a more permeable layer and, as soon as convection develops, it begins to penetrate into a less permeable 

layer. However, the centers of the forming vortices are noticeably shifted towards the more permeable layer. Similar 

vortex displacements are observed in a thick layer with higher permeability, yet convection, in this case, is of the 

"large-scale" character. 

Key words: convection, diffusion, thermal diffusion, hydrocarbon mixtures, porous medium 

 

 

1. Introduction 

 

Studies of multicomponent mixtures that saturate porous media are quite numerous and diverse 

in their applications [1–5]. The behavior of multicomponent mixtures in a porous medium presented 

in the literature is often studied without taking into account convection, or for a porous medium 

with homogeneous properties [6–10]. However, the analysis of oil and gas exploration data shows 

the presence of thermal anomalies that can be explained by thermal convection [11–14]. A large 

number of works are devoted to the separation of mixtures in a thermogravitational column filled 

with a porous medium [8, 15–17]. It follows from the results of these studies that convection 

significantly affects the distribution of mixture components. 

A porous region, consisting of layers with different properties, usually appears in the problems 

of groundwater filtration, where interest, as a rule, is caused by the movement of the front of 

impurity concentration [18]. The structure of an oil-bearing formation is most often a certain, rather 

complex, tectonic form, where layers saturated with hydrocarbons with different porosity and 

permeability can alternate [19]. This, as well as the complex composition of the liquid that saturates 

the porous medium, are factors complicating the modeling. 

Under the conditions of natural underground reservoirs (in the problems of underground 

filtration, hydrocarbon migration), it is becoming relevant to take into account the heterogeneity of 

the properties of the porous medium [20, 21], which can be described by the well-known Kozeny – 

Karman formula [22], which relates permeability to the porosity and particle size of the medium. In 

[23], direct numerical modeling of concentration convection in a liquid-saturated porous medium 

with anisotropic permeability, which is characterized by the ratio of vertical and horizontal 

permeabilities (permeability values across and along the study area), was carried out. The critical 

values of the wavenumber and Rayleigh number are determined for the Horton – Rogers – 

Lapwood problem with strong inhomogeneity and anisotropy in the case when the inhomogeneity is 

caused by the two-layer medium, and each of the constituent layers is homogeneous and isotropic in 

the horizontal plane [24]. 
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In [18, 25–28], an inhomogeneous porous medium is modeled as a region consisting of layers of 

rocks with different values of porosity and permeability, and the properties of each layer are 

homogeneous. Such problems, often using topographic information and data on the degree of 

permeability of different types of rocks, are solved in the absence of thermal convection or under 

the assumption of a one-component or one-phase liquid saturating them [5, 18, 27, 29]. 

The aim of this work is to determine the effect of the non-uniformity of a porous medium in 

terms of permeability at constant porosity on nonlinear convection modes in a two-layer region. The 

configuration of the problem under consideration is a model of a hydrocarbon deposit, and consists 

of two horizontal layers of the same porosity and different permeability. A mixture of methane 

(35%), ethane (35%), and butane (30%) was used as a simulated mixture [30]. The components of 

the mixture are included in the main group of chemical compounds in the composition of the host 

rocks of oil and gas fields.  

 

2. Problem statement and methods 

 

Let us consider thermoconcentration convection of a three-component mixture in a horizontally 

elongated rectangular region of a porous medium with sides L  and H  ( 5L H ) saturated with a 

homogeneous three-component mixture. The area is divided into two horizontal layers in a ratio of 

1: 3 in height (Fig. 1). All properties of the porous medium in the layers, with the exception of 

permeability, are the same. 

 

 
Fig. 1. Geometry of the problem. 

 

To describe the composition of the mixture, we will use the vector of concentrations (mass 

fractions)  1 2,C CC , where 1C  and 2C  are the concentrations of the first and second components 

of the mixture (impurities), and 3 1 21C С С    is the concentration of the third component 

(solvent). We believe that the density of the mixture linearly depends on the temperature T  and 

concentrations of its constituent components C : 
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0 10 20( , )C CC  and 0T  are the average values of density, concentration vector, and temperature of 

the mixture. 

The unsteady equations of free thermoconcentration convection of a mixture in a porous medium 

in the framework of the Darcy – Boussinesq model taking into account the effect of thermal 

diffusion have the form [22]: 

– in the top layer 
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– in the bottom layer 
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Here: V  is vector of filtration rate; p  is pressure; g  is vector of the gravity acceleration; t  is 

time; 1K  and 2K  are permeability of the upper and lower layers, respectively;   is kinematic 

viscosity;    is effective thermal conductivity of the porous medium;  c

 is effective heat 

capacity of the porous medium;  
f

c  is heat capacity of the liquid;    is porosity; D  is matrix of 

molecular diffusion coefficients of the mixture; TD  is the vector of thermal diffusion coefficients. 

The equations are written under the assumption of constant viscosity and transfer coefficients and 

neglecting the effects of barodiffusion and diffusion thermal conductivity (the Dufour effect). 

We assume that the area under study has solid boundaries that are impenetrable for matter. The 

lateral boundaries are thermally insulated, at the horizontal boundaries constant different 

temperatures are maintained, corresponding to heating from below. 

Diagonalization of the matrix of molecular diffusion coefficients in the initial equations makes it 

possible to exclude cross diffusion effects and thereby reduce the number of governing parameters 

of the problem. This transformation in dimensional variables can be written as [31, 32]: 
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T T
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Here M  is a matrix, in the columns of which there are eigenvectors  
T

1 2,  mi i im m  of the 

matrix D ;  1 2diag ,  q qQ  where  1

1 1 2 2i i i iq m m    ; the subscript «Т» denotes a 

transposition operation. 

Transformation (9) allows one to reduce equations (1) - (8) to a system with a diagonal matrix D̂

, a concentration vector Ĉ , and a vector of thermal diffusion coefficients ˆ
TD : 

– for top layer 

 

     0 0

0 1

1 ˆ ˆ0 Tp T T
K





       BV g I C C , (10) 

     2

f

T
c c T T

t
  

 
   


V , (11 

  2 2

0 0

ˆ
ˆ ˆ ˆ ˆˆ ˆ

T= T
t

        


D
C

V C C C I C D , (12) 

 0 V ; (13) 



N.A. Zubova and T.P. Lyubimova Computational Continuum Mechanics. 2021. Vol. 14. No. 1. pp. 110-121 DOI: 10.7242/1999-6691/2021.14.1.10 

113 

– for the bottom layer 
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Let us choose as units of measurement: the height of the area H  for the length; a H  for the 

speed, where  
f

a c   is the effective thermal diffusivity;  2H c 
   for the time; 

0 1
a K   for the pressure; T  for the temperature deviation from the equilibrium value; 

   
1

0 0
ˆ ˆ ˆ ˆ1 TT



  DC C D  for the deviation of concentration from the equilibrium value. Equations 

(10) - (17) in dimensionless form take the form: 

– for top layer 
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– for the bottom layer 
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Here  1Ra TK g H T a    is an analogue of the Rayleigh number for a porous medium, 

which in what follows for brevity will be called the "Rayleigh number"; 

   
1
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T T


   B DC I C D  is vector of separation ratios, which characterizes the thermal 

diffusion properties of the mixture;    
*

f
c c     is normalized porosity;  

1
ˆa



Le D  is a 

diagonal matrix of Lewis numbers such that 11 11
ˆLe a D , 22 22

ˆLe a D ; k  is unit vertical vector; 

1 2K K   is the ratio of the permeabilities of the layers; for dimensionless variables, the previous 

designations are retained. 

On all external boundaries, we set the conditions of impermeability and the absence of a 

diffusion flow of matter, on the external horizontal boundaries we will set the temperature, on the 

vertical boundaries is the absence of heat flux, on the boundary between the layers is equality of the 

x -components of velocity: 
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We will restrict ourselves to considering two-dimensional flows. Let us introduce the stream 

function as 
xV y   , 

yV x   . Equations (18) - (25), written in terms of the stream 

function, take the form: 

– for top layer 
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– for the bottom layer 
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Boundary conditions (26) - (29) in terms of the stream function look like this: 
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At the initial moment of time, the temperature and concentration of the mixture components are 

assumed to be linearly dependent on the vertical coordinate (heating from below). 

Problem (30) - (39) was solved numerically using the finite difference method. Spatial 

derivatives were approximated by central differences. The unsteady equations were reduced to a 
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discrete form using an explicit finite-difference scheme with a constant time step equal to 
2 16th h , where h  is the space step. The stream function was found from the Poisson equation by 

the method of successive upper relaxation. 

The vertical size of the computational domain was 100 m. In both layers, the porosity values were 

the same and were assumed to be equal 0,2  . The temperature difference between the upper and 

lower boundaries of the computational domain corresponded to the average value of the geothermal 

gradient 23 10  K/m. Thermal and physical properties of a mixture of methane, ethane and butane (at 

0 315T  K, 67,0 10p   Pa) are presented in the table. Additional calculations showed that in the case 

of a single-layer porous medium with height H  the threshold value of the Rayleigh number is 

Ra 1,3 . The values of the permeability of the medium in one layer of the two-layer region in all 

calculations were recorded and equal to 152,9 10  m
2
, which corresponds to the Rayleigh number 

Ra 1  for the layer height H . In this case, convection did not occur. In the other layer, the 

permeability value varied and was 10, 30 or 50 times higher. Calculations were carried out for the 

ratios: 1   and 1  . The selected values of porosity and permeability correspond to the data for 

sands, limestones, shales [33, 34]. 
Table. Physical properties of the mixture [30]. 

0 , kg/m
3
 450,35 

9

11 10D  , m
2
/s 3,14 

T , K
–1

 –0,52×10
–2

 
9

12 10D  , m
2
/s –0,77 

1С
  –1,25 

9

21 10D  , m
2
/s –0,32 

2С  –0,72 
9

22 10D  , m
2
/s 4,68 

 , m
2
/s 4,44×10

–7
 

12

1 10ТD  , m
2
/(sK) –5,13 

a , m
2
/s 10

–7
 

12

2 10ТD  , m
2
/(sK) –1,35 

3. Numerical results 

 
For the three-component mixture of methane, ethane, and butane considered in this paper, the values of the 

dimensionless parameters transformed after the procedure of matrix diagonalization in (9) were:
3

1 2,4 10   , 2 0,427  , 11 20,7Le  , 22 33,4Le  . The separation ratios of the components of the 

mixture 1  and 2  are positive; therefore, when heated from below, the lighter components of the mixture 

(methane and ethane) under the action of thermal diffusion accumulate near the heated lower boundary of the 

studied region, and the heavy component of the mixture, butane, near the cold upper boundary.  

Let's start our analysis with a case 1  . In this case, convection should occur in the lower layer, 

where the permeability is higher, and in the course of time penetrate into the upper layer. Figure 2a 

 

 

  

   
Fig. 2. Time evolution of the maximum value of the modulus of the stream function in the region (a) and 

the difference in the concentrations of the first (b) and second (c) components of the mixture between 

the centers of the upper and lower boundaries of the region; 1  . 

a c b 
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shows the time evolution of the maximum value of the modulus of the stream function. As can be 

seen, in the range of values of the Rayleigh numbers corresponding to the inequality 1  , the 

same type of development of convection is realized. First, a certain non-convective period is 

observed (the stream function is practically zero), the duration of which decreases with decreasing 

value  . The onset of convection is accompanied by a sharp jump in traffic intensity. Then, through 

a series of rearrangements, which are also characterized by jumps in the traffic intensity, the 

stationary regime is reached. The traffic intensity in a stationary mode increases with decreasing 

ratio  . 

Figure 3 shows the structure of the steady flow and the distribution of the impurity concentration 

for the case of 1 50  . Stationary motion in the corresponding range of values has a four-vortex 

shape (Fig. 3a), the centers of the formed vortices are displaced into a layer with a higher 

permeability. A change in the curvature of the isolines is observed near the boundary of the layers 

(Fig. 3a – c). 

 

   

   
   
Fig. 3. Isolines of the stream function (a) and the concentration of the first (b) and second (c) 

components of the mixture at the time moment of 40t   for the case of 1 50  . 

 

 

 
  

 

. 31 t   

 

 . 52 t   

 

. 103 t 

  

. 254 t 

  

. 305 t 

  

Fig. 4. Time evolution of the maximum value of the modulus of the stream function c in a two-layer porous 

region (a) and the isolines of the stream function at different times (b); 1 10  . 

Let us consider the process of formation of a four-vortex stationary flow using the 1 10   

relationship example. Additional calculations showed that for a single layer with parameters 

corresponding to a thin lower layer (aspect ratio is 20:1, height is 25 m, permeability is 155,16 10  

m
2
), the wavelength of the most dangerous disturbances is 0,8  , and for a single layer with 

parameters (aspect ratio is 5:1, height is 100 m, permeability is 135,84 10  m
2
) is 1,25  . As 

follows from Figure 4, even in the non-convective period near the lateral boundaries of the region, 

convective vortices are beginning to form, a weak flow penetrates into the upper layer, which has a 

lower permeability: here one can see the “local” onset of convection [22, 35, 36] (Fig. 4a, points 1, 

2; Fig.4b 3t  , 5t  ). With the development of instability, the number of vortices increases so that 

at 10t   (Fig. 4b) a six-vortex flow (wavelength is 0,8  ) is observed in the region, which also 

passes into the upper layer: convection becomes “large-scale”. After the first peak of the traffic 

a b c 

a 
b 
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intensity (Fig. 4a), the two central vortices decrease and disappear (Fig. 4b, 25t  , 30t  ), and the 

motion turns into a four-vortex (wavelength is 1,25  ). 

 
  

 

  

Fig. 5. Isolines of the stream function (a) and the concentration distribution of the first component 

of the mixture (b) at the time instant 1t   at 1 50  . 

 

More clearly "local" convection is demonstrated in Fig. 5 for the case 1 50  . At the time 

moment 1t  , a multi-vortex motion takes place in the layer with higher permeability, which is 

almost not manifested in the rest of the region (Fig. 5a). Isolines of the concentration of the first 

component of the mixture are also strongly deformed only in this layer (Fig. 5b). Over time, 

movement penetrates into the upper part of the area (see Fig. 3). 

In the case of 1  , convection appears in the upper layer with a high permeability value and 

gradually captures the lower layer. As can be seen from Fig. 6, at small times, here, as in the case of 

1  , there is a non-convective period (Fig. 6a), during which a close to purely diffusion separation 

of the mixture components occurs (Fig. 6b, c). At a certain moment in time, convection is formed, 

accompanied by a strong jump in the intensity of movement, then an oscillatory exit to a stationary 

mode is observed (Fig. 6 a). As can be seen from the comparison of Figures 2 and 6, the time of the 

onset of convection is much shorter, and its intensity is much higher at 1  , that is, at the capture 

of a higher upper layer by convection. 

The steady-state flow at 1   has a multi-vortex shape, and the spatial scale of the vortices 

decreases with an increase in the permeability of the upper layer. So, at 10   and 30   the flow 

structure turns out to be four-vortex, which is shown in Fig. 6a for 10   as an example, and at 

50   the number of vortices increases to six (Fig. 8a). The concentration contours of the mixture 

components are significantly deformed by a complex intense flow (Fig. 7b, c); the degree of their 

deformation increases with   increasing (Fig. 8b, c). As can be seen from Figures 7 and 8, the 

displacement of the flow towards a more permeable layer is extremely weak, in contrast to the 1   

case, which is explained both by the relative height of the layer in which convection occurs, and by 

the gravitational mechanism of its development. 

   

   

Fig. 6. Time evolution of the maximum value of the modulus of the stream function in the region (a) 

and the difference in the concentrations of the first (b) and second (c) components of the mixture 

between the centers of the upper and lower boundaries; 1  . 

 

 

 

a b c 

a b 



N.A. Zubova and T.P. Lyubimova Computational Continuum Mechanics. 2021. Vol. 14. No. 1. pp. 110-121 DOI: 10.7242/1999-6691/2021.14.1.10 

118 

 

 

 

 

   
   
Fig. 7. Isolines of the stream function (a) and the concentration of the first (b) and second (c) components of the 

mixture at the moment of time 40t   for 10   

 

 

   

   
   

Fig. 8. Isolines of the stream function (a) and the concentration of the first (b) and second (c) components of the 

mixture at the moment of time 40t   for 50   

 

The convective flow at 1  , as in the previous case, is formed near the lateral boundaries (Fig. 

9a, point 1, Fig. 9b). Since the layer in which the flow arises occupies most of the computational 

domain, the effect of the initiation of “local” convection is very weak: the motion almost 

immediately penetrates into the layer with a lower permeability (Fig. 9b – f). The motion formed at 

short times at 10   has an eight-vortex shape. As can be seen in Figs 6a and 9a, for these values 

of   over time 23 30t   , jumps in the flow intensity are observed. Figure 9g – k shows the 

restructuring of the flow in this time range: some vortices merge, and the flow becomes four-vortex.  
 

 

 
 

 
 

 
 

   

   
   

   
   
Fig. 9. A fragment of the time evolution of the maximum value of the stream function modulus in 

region (a) and the evolution of the stream function structure with time: (b) 0,5t   (point 1); (c) 1t   (2); 

(d) 1,5t   (3); (e) 2t   (4); (f) 3t   (5); (g) 24t   (6); (h) 25t   (7); i) 27t   (8); (j) 28t   (9); 

10  . 

 

a 

b 

c 

f g 

h i j 

d 

a b c 

a b c 

e 
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When the value   is increased to 30, the formation of motion occurs in a similar way, but the 

entire process of its restructuring from eight-vortex to four-vortex is beginning immediately after 

the onset. In this case, on the graph of the time evolution of the maximum value of the modulus of 

the stream function, damped oscillations are observed (Fig. 6a). With a further increase in the 

Rayleigh number in the layer with higher permeability up to the value of 50  , the motion does 

not undergo such transformations. 

 

4. Conclusion 

 

The  emergence and nonlinear modes of convection of a three-component mixture of methane 

(35%), ethane (35%), and butane (30%) in a horizontally elongated rectangular region of a porous 

medium are numerically investigated. The area in a ratio of 1: 3 is divided in height into two 

horizontal layers with equal porosity, but differing in permeability. Thus, the investigated 

configuration of the computational domain of the problem is a model of a hydrocarbon deposit. The 

cases are analyzed when the value of the upper layer permeability is higher than that of the lower 

one, and, conversely, the lower layer is more permeable than the upper one. The rest of the 

parameters of the porous medium are considered the same. The problem is solved within the 

framework of the Darcy – Boussinesq model. 

The results of numerical simulation show that the formation of a steady flow is observed in the 

entire considered range of parameters. The steady-state flow structure is four-vortex with a more 

permeable lower layer and a small permeability ratio in a more permeable upper layer. With an 

increase in the permeability ratio, in the second case, the spatial scale of the convective flow 

decreases: it becomes six-vortex. The time for the onset of convection in the more permeable upper 

layer is shorter, and the intensity of the established flow is much higher than in the more permeable 

lower layer. As a result, the maximum separation of the components of the mixture is less with a 

more permeable upper layer. 

The "local" nature of the onset of convection in the investigated two-layer configuration is 

shown. This effect is most clearly manifested in a more permeable thin lower layer. During the 

development of convection, the flow begins to penetrate into the less permeable upper layer, but the 

centers of the forming vortices noticeably shift towards the more permeable layer. A similar 

displacement of vortices occurs with a more permeable thick upper layer. However, in this case, the 

onset of convection has a "large-scale" character. Such differences can be explained by the 

gravitational mechanism of convection. 

 

This work was carried out with the financial support of the Russian Science Foundation (grant no. 

20-71-00147). 
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